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Abstract 

We reduce the classification of all supersymmetric backgrounds in eleven di¬ 
mensions to the evaluation of the super covariant derivative and of an integrability 
condition, which contains the field equations, on six types of spinors. We determine 
the expression of the supercovariant derivative on all six types of spinors and give 
in each case the field equations that do not arise as the integrability conditions of 
Killing spinor equations. The Killing spinor equations of a background become a 
linear system for the fluxes, geometry and spacetime derivatives of the functions 
that determine the spinors. The solution of the linear system expresses the fluxes 
in terms of the geometry and specifies the restrictions on the geometry of spacetime 
for all supersymmetric backgrounds. We also show that the minimum number of 
field equations that is needed for a supersymmetric configuration to be a solution 
of eleven-dimensional supergravity can be found by solving a linear system. The 
linear systems of the Killing spinor equations and their integrability conditions are 
given in both a timelike and a null spinor basis. We illustrate the construction 
with examples. 


1 Introduction 


The last ten years, the supersymmetric solutions of ten- and eleven- dimensional su¬ 
pergravities have given new insights into understanding of string theory and M-theory, 
see e.g. [1, 2], Most of the solutions have been found using ansatze adapted to the re¬ 
quirements of physical problems. Recently, the realization that there are new maximally 
supersymmetric solutions [3] and the rediscovery of some old ones [4, 5] has led to a 
more systematic exploration of supersymmetric solutions in supergravity theories. The 
maximally supersymmetric solutions of ten and eleven dimensional super gravities have 
been classihed in [6] using the integrability conditions of the Killing spinor equations 
which leads to the vanishing of the supercovariant curvature. A method^ based on the 
Killing spinor bi-linear forms has also been used to solve the Killing spinor equations of 
eleven-dimensional supergravity for backgrounds with one Killing spinor [8, 9]. However 
this method has not been applied to eleven-dimensional backgrounds with more than 
one supersymmetry. 

In [10], a new method to investigate the Killing spinor equations of super gravities 
has been proposed. It is based on a description of spinors in terms of forms, the gauge 
symmetry of Killing spinor equations and an oscillator basis in the space of spinors [10]. 
This has been applied to systematically explore the supersymmetric solutions of eleven¬ 
dimensional supergravity with one, two, three and four supersymmetries and to solve 
the Killing spinor equations of IIB supergravity for one Killing spinor [11]. 

In this paper, we shall show that the method of [10] can be extended further to 
investigate all supersymmetric eleven-dimensional backgrounds^. For this, we use the 
linearity of the Killing spinor equations to show that the supercovariant derivative V of 
eleven-dimensional supergravity acting on any spinor e can be decomposed into a linear 
combination of six “irreducible” components. These six irreducible components are given 
by the action of the supercovariant derivative, 'Dai, on six types of spinors 

1 ) 1 1 ^ijk ) ^ijkl ) ^12345 ) (^’l) 

which are collectively denoted by aj = with / = 0,... 5. These spinors can also 

be labeled by the irreducible representations of U{5) on the space A*(C®) of forms. We 
compute Daj. As a result, one can compute De for any number of spinors e and then 
use the basis in the space of spinors [10], see also appendix A, to express the Killing 
spinor equations as a linear system for the geometry, fluxes and spacetime derivatives of 
the functions that determine the Killing spinors e. Therefore, we show that the Killing 
spinor equations for any number of Killing spinors reduce to a linear system and we 
give all the coefficients and all the unknowns of the system. The solution of this system 
expresses the fluxes in terms of the geometry and gives the restrictions of the geometry 
required by supersymmetry. 

It has been known for some time that the integrability conditions of the Killing spinor 
equations imply some of the held equations of supergravity theories, e.g. in maximal su¬ 
persymmetric backgrounds the integrability conditions of Killing spinor equations imply 

^For a refinement see [7]. 

^This includes backgrounds with both SU{5) and {Spin{7) k M®) x M invariant spinors. 
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all the field equations [6]. The first integrability condition of the Killing spinor equations 
is TZab^ = [Da,'Db]^ = 0, where IZ is the curvature of the supercovariant connection. 
This integrability condition has various components one of which, X^e = V^IZab^- = 0, 
contains the field equations of eleven-dimensional supergravity [8]. Since the integrabil¬ 
ity conditions TZe = 0 and Xe = 0 of the Killing spinor equations are linear algebraic 
equations for the Killing spinor e, they again can be decomposed in terms of the TZai 
and Taj. We give all the expressions for Xu/. Since the integrability conditions of any 
number of Killing spinors can be written in terms of Xu/, one can use the basis of [10] to 
find which components of the field equations are implied as integrability conditions of the 
Killing spinor equations. In particular, one finds a linear system with the components of 
the field equations as unknowns and the functions that determine the Killing spinors as 
coefficients. The components of the field equations that are not determined as solutions 
of this linear system are those that have to be imposed as additional conditions to the 
Killing spinor equations for a configuration with any number of supersymmetries to be 
a solution of the theory. We remark that such an analysis can be done for TZe = 0. This 
would be an extension of the method used in [6] to solve the Killing spinor equations for 
maximally supersymmetric spacetimes^. 

The main aim of this paper is to be used as a manual for systematically constructing 
all supersymmetric solutions of eleven-dimensional supergravity. Because of this, we first 
present the general formulae for Xu/ and Xu/. However, these are rather involved when 
expressed in terms of the oscillator basis in the space of spinors, see [10] and appendix 
A. Because of this, we state the results in tables which have been put in appendices. 
The construction of the linear systems associated with T>A^h = 0 and Teh = 0 for any 
number of Killing spinors h = 1,..., iV can be read off from these tables. 

As we have explained, the construction of the linear systems associated with the 
Killing spinor equations and with the integrability conditions can be done in the the 
basis of [10] for any number of Killing spinors. However, if one or more Killing spinors 
are null, i.e. they are representatives of the orbit of S'pm(10,1) with stability subgroup 
{Spin{7) K M®) X M, it may be convenient to use another basis in the space of spinors. 
Such a basis adapted to null spinors has been constructed in [11] in the context of HB 
supergravity and it is extended to eleven dimensions in appendix A. We shall refer to the 
spinor basis presented in [10] as “timelike” and that constructed from HB supergravity 
as “null” basis. In the null basis, one can find simple expressions for the representatives 
of the {Spin{7) x M®) x M orbit. So one expects that the linear systems associated with 
null Killing spinors will be easier to solve in the null basis than the analogous linear 
systems derived in the timelike basis. We show that the linear systems associated with 
the Killing spinor equations and of the integrability conditions in the null basis can be 
derived from those we have constructed in the timelike basis after a suitable replacement 
the time direction with the tenth spatial direction and taking into account the way that 
r° and T^ act^ on the spinor basis. The rules of relating the linear systems in the null 
basis and in timelike basis are given in detail in section five. It turns out that these rules 
are very simple. Because of this we shall focus on the timelike case and will only discuss 
the null case in section five. Some partial results on the construction of the linear system 

^One may have to consider higher order integrability conditions [12]. 

^We denote the tenth direction with tj. 
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for the Killing spinor equations in another null basis have been obtained in [13]. 

To illustrate our construction we solve the Killing spinor equations for backgrounds 
with two supersymmetries and the most general SU (4) invariant Killing spinors. Special 
cases have already been investigated in [10]. Then we hnd for several configurations 
with one, two, three and four supersymmetries the minimal set of field equations that in 
addition should be imposed in order to be solutions of eleven-dimensional supergravity. 
In the process, we explain how the tables in the appendices can be used. 

Our analysis is in the context of eleven-dimensional supergravity. But it can be 
extended to the effective theory of M-theory which includes higher order corrections, 
e.g. see [14]. For example, our conclusion about the six types of spinors is not altered 
by the inclusion of higher order corrections. 

This paper is organized as follows: In section two, we summarize the Killing spinor 
equations Ve = 0 and give the integrability conditions Xe = 0 of eleven-dimensional 
supergravity. In section three, we show how a general spinor is related to the six types of 
spinors ct/, and express the Killing spinor equations Ve = 0 and associated integrability 
conditions Xe = 0 in terms of Vaj and Xa/, respectively. In section four, we derive some 
general formulae that give Vaj and laj in terms of the timelike canonical basis (A. 8 ). In 
section hve, we give Vaj and Xaj in terms of the null canonical basis. In section six, we 
summarize the conditions on the geometry and fluxes for the most general background 
with two supersymmetries and SU{4) invariant spinors and analyze the geometry of 
spacetime. In section seven, we analyze the held equations of some backgrounds with 
one, two and four supersymmetries. In section eight, we solve both the Killing spinor and 
held equations of a background with four supersymmetries and SU (4) invariant spinors 
and in section nine, we give our conclusions. In appendix A, we summarize the properties 
of Spin{10, 1) spinors. In appendix B, we give the conditions on the geometry and the 
expressions for the huxes of backgrounds which admit one SU{5) invariant Killing spinor. 
These results can be found in [10] but are summarized here for convenience. In appendix 
C, we give the tables with the expressions for Vaj expanded in the basis (A. 8 ). In 
appendix D, we give the tables with the expressions for laj expanded in the basis (A. 8 ). 
In appendix E, we solve the Killing spinor equations for backgrounds which admit two 
Killing spinors which are invariant under the SU{4) subgroup of Spin{10, 1). 

2 Killing spinor equations and integrability condi¬ 
tions 

2.1 Killing spinor equations 

The Killing spinor equations of eleven-dimensional supergravity [15] are the vanishing 
of the gravitino supersymmetry transformation restricted on the bosonic helds of the 
theory. The bosonic helds are the metric g and a four-form held strength T. The Killing 
spinors of eleven-dimensional supergravity are in the Majorana representation A 32 of 
Spin{10, 1). The supercovariant connection of eleven-dimensional supergravity is 

X>^e = V/ic-|-Syie (2.1) 
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where 


( 2 . 2 ) 


Vac = Oa^. + \VLa,bc^^^^ , 

i.e. Va is the spin covariant derivative induced from the Levi-Civita connection, 

, (2.3) 

and JF is the four-form held strength (or hux), A, 5,... = 0,..., 9,10 are frame indices. 
The supercovariant connection is a covariant derivative on the spinor bundle of eleven¬ 
dimensional spacetime associated with the Majorana representation of S'pm(10,1). How¬ 
ever, V is not induced from the tangent bundle because of the term (2.3) which depends 
on the hux T. 

As has been explained in [10], the supercovariant connection has gauge symmetry 
Spin{10, 1) and this can be used to bring the Killing spinors into a canonical or normal 
form up to an induced Lorentz transformation on the spacetime frame and huxes T. In 
this way, one can simplify the conditions imposed by supersymmetry of the huxes and 
geometry of a background by choosing the Killing spinors to he at a particular directions. 
This simplihcation is possible for backgrounds with one and two supersymmetries. It 
turns out that the stability subgroup of two generic spinors in 5'pm(10,1) is the identity. 
Therefore, one does not expect that there will be a simplihcation in the form of a third 
spinor in a generic background with three supersymmetries. This is unless the conditions 
on the geometry and on the huxes imposed by the hrst two spinors necessitate the 
vanishing of many components of H and T and so the equations for the third Killing 
spinor are not involved. In any case there are several special backgrounds with more than 
two supersymmetries that admit spinors which have a non-trivial stability subgroup in 
S'pm(10,1). 

Since in the basis of gamma matrices we have adopted, the frame time direction is 
distinguished from the rest, it is convenient to decompose the frame indices as A = (0, f), 
where f = 1,..., 10. Then we introduce an orthonormal frame : A = 0,..., 10} and 
write the spacetime metric as 

10 

ds^ =■ (2.4) 

i=\ 

In this frame, the four-form held strength JF can be expanded in electric and magnetic 
parts as 

K Gijke" A e^' A + ^Fijkie^ A e^' A A e' . (2.5) 

The spin (Levi-Civita) connection has non-vanishing components 

^0,ij ) flOjOj ) ) ^i,jk ■ (2.6) 

The Killing spinor equations decomposes as 

d,e + - iH.,o,ror^'e - 

+4rori’^^G,ki - 24roG',,fcF'= - = 0 . (2.7) 

This is the form of the Killing spinor equations that we shall use later to derive our 
results. 
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2.2 Integrability conditions and field equations 

The integrability conditions of the Killing spinor equations Ve = 0 are 

[Da^Vb]^ = 'TIab^ = ^ , ( 2 . 8 ) 

where IZ is the super covariant curvature which has been computed in [16, 6]. It has been 
observed in [8] that, using the Bianchi identity of the Riemann curvature of spacetime, 
V^IZab^ = 0 can be written as 

lAe = [EabT^ + Lc,c,c,{Ta^^^^^^-Q5^/T^^^") + 

+Bc,...c,{Ta^^-^^ - = 0 , (2.9) 

where 

Eab '■= Rab — 

Labc '■= {d* E - \E/\ E)abc ■, 

Bai...A 5 ■= ^{dE)Ai...A5 ■ (2.10) 

The above integrability conditions can be written in terms of the frame (e°,e*). This 
computation is similar to the one for the Killing spinor equations and we shall not 
repeat it here. It is clear that some of the components of the held equations (and 
Bianchi identity) are satished as integrability conditions of the Killing spinor equations^. 
Sometimes it is customary to impose enough conditions on the held equations and on 
Bianchi identity T such that all Einstein equations are satished. This is because the 
held equations and Bianchi identity of E are easier to solve. 

3 The six types of spinors 

A direct consequence of the construction of the S'pm(10,1) Majorana spinor representa¬ 
tion in appendix A is that any Majorana Killing spinor can be written in terms of forms 
as 

e = /(I + 612345) + *fi'(l - 612345) + \Piu\ei -h + iV 2 v\ei - 

+ \w'^\eij - eum) , (3.1) 

where f,g,u\v\w^^ and are real spacetime functions. The six types of spinors 
with i = 0,..., 5 correspond to the irreducible representation of U (5) on A*(C^) and are 
denoted by aj. 

^For an alternative approach see [17]. 
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The Killing spinor equations for e are 


— <9^/(1 + 612345 ) + idAg{^ — 612345 ) + V^dAU^i^i + 

+iV2dAv\ei - + \dAw"^{eij - 

+^dAZ^^ {cij + ekim) + /^^a(1 + 612345 ) + wT^a{^ + 612345 ) 

+V2u^VA{e, + + iV2v^VA{e, - ie^^‘^e,kim) 

+ lw^WA(e,j - + iz^^VA(e,j + i^e./^^ekim) = 0 . (3.2) 

Thus the Killing spinor equations reduce to the evaluation of the supercovariant deriva¬ 
tive on the spinors a/. So it remains to compute the 

"^aI ) j T^Af'ij j T^A^^ijk j T^A^'ijkl j '^A6i2345 ) (^•2) 

and express the result in the basis (A. 8). Note that in some cases it is possible to 
put some spinors in a canonical or normal form using the 1) gauge symmetry 

of the supercovariant connection V, see [10]. As a result the spinors depend on less 
functions than those indicated in (3.1). In such cases, it is helpful to consider the orbits 
of Spin(10, 1) in the space of spinors [18, 19]. 

The same analysis can be done for the integrability condition Xe = 0 of a Killing 
spinor e. Since this condition is linear, we have 

9^6 = /X(l-|-612345) + * 5 ' 2 r(l — 612345) + V^M*X(ei-|- 

+*v^n*J(6, - - i^e./^^ekim) 

-j-^z’'^T(eij -h ^€ij^^^ekim) ■ (3-4) 

Therefore to hud which held equations are determined by the Killing spinor equations, 
it suffices to compute 


^a 1 ) ^A 6 j , Xyi 6 jj , lA^klm j ^A^jklm ) ^(4612345 ) ( 3 - 5 ) 

and then solve the linear system. 

4 Linear systems in a timelike basis 

4.1 The linear system of Killing spinor equations 

We would like to explain how one evaluates the supercovariant derivative on an arbitrary 
basis element 

(4.1) 

where the indices pick out I holomorphic indices (with 0 < J < 5) from 

the range a = 1,..., 5. It will be convenient to distinguish between the indices that do 
appear in the basis element (4.1) and those that do not: we split the holomorphic indices 
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a into the indices® a = [ii,... ,ii) and the remaining 5 — 1 indices p, and similarly for 
the anti-holomorphic indices a. Note that r“ and annihilate the spinor while 

r“ and act as creation operators. For this reason it is useful to dehne the new indices 
p, a, T consisting of the combination 

p= p = (ai,...,a/,pi,...,p5_/), (4.2) 

where F^ and F^ are the annihilation and creation operators, respectively, for the spinor 
Note that the indices a and p are identical for 1 = 0, i.e. for the spinor 1. For 
/ > 0, i.e. for any other basis element, these indices differ. 

In terms of the basis^ 






p(Tl- 


^5, 




}. 


(4.3) 


the supercovariant derivative with A = 0 can be expanded in the following contributions: 

+ [i^o,5-iCT2 + 

+ ■‘’‘e.,,,,., . (4.4) 

Observe that the component F”"! vanishes. Similarly, the expression for A = p 

read 

T^pGii-ii = + (—+ [(—+ \FpaA — ^9 p^F 

+ [\^P,0]_a2 + 

+ [(~l)^'^^^5'p[ai<^a25-3^?4]]r‘^^ + [-^5'p[ai-^CT2-CT5]]r'^^ (4.5) 

Finally, for A = p we find 


V-e 

^ p^l \• 


• 2 / 


— + [( —l)'^|Op,0CT + ■^Fp^A]^'^Gii-ii 

+ [i^A^i5-2 + . (4.6) 


Observe that the components along F°'i'"°'‘‘ejj...j^ and vanish. 

It is convenient to convert the above expressions from basis (4.3) to the “canonical” 
basis 

{l,F“l,...,F“i-“®l}. (4.7) 

For this, we expand the products of F^ matrices, which are creation operators on 6*^...*^, 
into a sum of products of F“ and F^ matrices, which are annihilation and creation 

®The ii,... ,ii should not be thought of as indices in this context, but rather as fixed labels for a 
particular spinor. 

^Note that in this basis is the Clifford algebra vacuum. 
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operators, respectively, on 1. Then we act on with the annihilation operators. In 

particular, we have 


k 

U\ 

— 1 - - 
11 LI Itl 

k m+n=k 

^ ^ m\n\2^/^-^(I -m)\ 

k m+n=k ^ ' 

, (4.8) 

with the obvious restrictions m < I and n < 5 — / and the convention that = 1. 

Using the expressions (4.4), (4.5) and (4.6) for the components of 'DAGi^...ij in the basis 
(4.3) which appear in square brackets in (4.8), one can easily compute the components 
of VAGA-ij in the canonical basis (4.7). For convenience we give the explicit expressions 
for the different basis elements in appendix C. 

From the expression (4.8) one can also derive a relation between the Killing spinors 
equations from and whose labels satisfy = 1. The key obser¬ 

vation is that, in the basis (4.1), 


{T) AGA---ij)ai---ai — (^ACq+i-.-is) 




(4.9) 


where the notation, i.e. the division of a and a into a and d, is based on and not 

on (as it will be in the remainder of this section). Converting both expressions 

to the canonical basis using (4.8), one hnds that the previous relation translates into 


AGii---ij ) 


dtl ‘‘‘CLmPl‘‘‘Pn 


^CLX '“CLrnPl'' 'Pn 


22 -m-nj'_y(m+n)/2] + [7/2]j'g _ ^ 

{m + n)\ {I — m)\ {5 — I — n)\ 

a^+l—ajpn+i—p^-lfjy N* 

V J a^^i--ajpn+i--ps-i 


(4.10) 


After the addition of the complex conjugated and dualised version of this expression to 
its original, one hnds that the components of the combination -|- (— 

are related to each other: 


{T^AGA-.-ij + ( —l)^'^'^^^T’Aeij+i-.i5)ai--- 


22-m-n^_'^[{m+n)/2] (^5 _ 


‘^mPl ‘“Pn 


{m + n)\{I — m)\{b — I — n)\ 


A similar expression holds for the components of iVAGi^...ij — i(—This 
relates the Killing spinor equations of any real Majorana spinor (3.1). For this reason 
one only has to consider half of all equations; in appendix C we give all A = d equations 
plus the A = 0 equations coming with less than three F"-matrices. 





4.2 The linear system of integrability conditions 

As we have explained the integrability condition (2.9) on any Killing spinor, Xe, can be 
expressed in terms of Xaj. In turn Xct/ can be expanded in the basis (4.3). For this, one 
inserts ei^...ij in (2.9), expands the resulting equation in (4.3) and sets A = 0 to find that 

~ 12 Xocr'^ — 120i?0(7‘^T^]eq...p 
+ [Eoa + { — { — 

+ [~ 6 Xoctict 2 ~ 120i?OCTiCT2T^]r‘^^'^^ei^...j^ 

+ [—10i?OCTi--CT4r'^^ + (—l)'^^^ii?CTi...CT5]r'^^ (4.12) 


Similarly for A = p, one hnds 




■Op 


18L 


ISDf? . 

±{JKJ±y pq-^ 7-2 


= [{-iY^He, 

+ [Epa + {—Y^~^^Qigp^LQA + (—l)'^ 18 fXopCT 

+ {-lY^'^QOigp^Bo^/\/^ + {-lY3QOiBop^A]^''ei^...ij 

+ [^9p[aiLa2]A — pia^B^p^T-J^ T-J'^ — 180i?pCTiCT2'r’']r‘^^'^^ejj...jj 

+ [(— l)'^’'“^3f5fp[5-^Xo5-2CT3] + (—l)'^^^ 60 f 5 fp[ 5 -^i?oa- 2 CT 3 ]T^ + (— l)'^60fi?opCTiCT2CT3]r'^^'^^'^®eip..jj- 

A [S'pIcti L 






(4.13) 


Finally for A = p, we find 




60 /?- ^ e • 

UWJ-^p^j J- 


= [(-)^+'*Eop-- 6 X,V 

+ [Epa + {—Y ^'i'LQpa + (—)'^ 120 fi?opCTT^]r'^ejj...jj 

+ [—— 60i?pCT^CT2r’']r^^^^ejp..jj- 

+ [(~)^20ii?opCTia-2CT2]r'^^^^'^^Cjp..j^ + [—5i?pCTi--CT4]r‘^^ (4-14) 


Observe that the T^^"'^^ei^...ij component of the last integrability condition vanishes. It 
is straightforward to convert the above expressions to the canonical basis (4.7). This is 
completely similar to that for the Killing spinor equations in (4.8) and we shall not repeat 
the expression here. In addition, a relation similar to (4.11) holds for the integrability 
conditions. In appendix D we give the explicit expressions for Xaj in the canonical basis. 


5 Linear systems in a null basis 

The construction of the linear systems in the previous section applies to all Killing 
spinors, i.e. to spinors that represent the orbit of S'pm(10,1) with stability subgroup 
SU{5) and the spinors that represent the orbit of Spin{10,l) with stability subgroup 
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{Spin{7) >< M®) X M. However, if it is known that one of the Killing spinors represents the 
orbit with stability subgroup {Spin{7) x M®) x M, it may be more convenient to use the 
null basis of appendix A to construct the linear systems for the Killing spinor equations 
and the associated integrability conditions. This is because the gauge symmetry of the 
super covariant connection can be used to put that spinor along the direction 1 + 61234 , 
see appendix A. 

The timelike and null bases in the space of spinors are oscillator bases. Because of 
this, the linear system of the Killing spinor equations and of the integrability conditions 
which we have derived for the timelike basis in the previous section are easily adapted 
to the null basis. We shall demonstrate this for the linear system of the Killing spinor 
equations. Since in the null basis the tenth direction, which we denote by t], is separated 
from the rest, see appendix A, we decompose the four-form held strength JF as 

T = ^6^ A Gjjfce* A A + ^Fijkie'' A A A e* , (5.1) 

where i = 0,1,2,..., 9. We have denoted the tenth component and the remaining 
components of T as the electric and magnetic components, respectively, that appear in 
the decomposition of F in the timelike basis. The reason for this will become apparent. 
The spin (Levi-Civita) connection has non-vanishing components 

1 1 '! ^i,jk 

The Killing spinor equations decomposes as 

d^e + ^ = 0 , 

d,e + ^ 

= 0 . (5.3) 

Observe that these formulae can be derived from those of the timelike basis in (2.7) after 
the replacement 0 —t]. It is clear from this that the linear system for the null basis 
associated with the Killing spinor equations can be derived from that of the timelike 
basis, we have derived, after taking into account the different way that Tq and Ft, act on 
the basis spinors. 

Every spinor in the null basis can be written as a linear combination of six types of 
spinors. These spinors are constructed by the creation operators of the null basis acting 
on the Clifford vacuum 1, see appendix A. In particular, we have that Ti, = —ToTi ■ ■ ■ Tg 
acts on our null basis of spinors as 

= (-l)^+^eii...i,. (5.4) 

This means that the difference between the timelike and the null case consists of replacing 
r*’ by in most cases. This amounts to the replacement f > -|-1. The only exception is 
the F-term in the T>^ component of the supercovariant derivative, where Tq is replaced 
by Tti and so there is an additional minus sign. 

As in the timelike case, it will be convenient to distinguish between the indices that 
do appear in the basis element and those that do not. In particular, we split 


(5.2) 
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the indices a into the indices a = {ii,... ,ii) and the remaining 5 — / indices p, and 
similarly for the indices a. Subsequently we dehne the new indices p,o',T consisting of 
the combination® 


P (®1) • • • ) 1 Pi) ■ ■ ■ ) P5—I ) ) P (®1) • • • ) ) Pi) ■ ■ ■ ) P5—I ) ) (^•^) 


where and F^ are the annihilation and creation operators, respectively, for the spinor 
Next consider the basis in the space of spinors associated with the Clifford vacuum 


ip- ■ 




}. 


(5.6) 


In this basis the super covariant derivative with A = t] can be expanded as 


+ . (5.7) 


Similarly, the expression for A = p read 


VpC 




+ 

+ 

+ 


Finally, for A 


+ {~G)^ \G + [(—+ \Fp^A — -^PpaF 

[\^p,aia2 + {-^y\Gpaia2 + [(“1)'^^^ i^fi'p[aiG'a2]]T^] 

= p we hnd 


Fpeaj^...aj — [\^p^cA + '^Gpfj^]ei^...ij + [(— l)^|r2p^^CT + ^F^h-ij 

+ [i^p,CTiCT2 + (~l)^^C^PCTia-2]r'^^‘^^ej^...j^ + .(5.9) 

To go from the basis (5.6) to the “canonical” basis which is associated with the 
Clifford vacuum 1, one can use the same expressions as for the timelike case. So we shall 
not repeat the formulae here. 

The complex conjugation between the components of the supercovariant derivative 
found in the timelike case does not extend to the null basis in a straightforward way 
because F'*' and F“ are null instead of holomorphic. For this reason, it will be convenient 
to treat the null indices separately. In what follows all indices only take values in 1,..., 4. 
Instead of (4.9), the following relations hold 


{T)(F ; (^ACii-"i 7 )( 7 i-"cri+ (FA(^ij+i---i 4 ,)ai---d-i+ ’ 

(FAei-i^...ijAai---ai = (FAGij_^_^...i^Aai---ai ) {FAeA—ii5)ai—ai+ = (FAGij_^_^...i^5)ai---ai+ ^(STO) 
®Note that p and p are no longer complex conjugate due to the presence of the (+, —) null indices. 
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where = +1. Using the relation to the ’’canonical” basis associated with the 

Clifford vacuum 1, these imply that 


{T>Aeii... 


■^7 / dtl '“Q-mPl ‘"Pn 


"'CLniPl'' 'Pn 


>2-m-nj'_y(m+n)/2] + [//2] (^4 _ ^ 

I — n)\ 

^I+v■■^A)a^+l"■aIp„+v■P4-I ' 


(m + n)!(J — m)!(4 

a,m+V"0,lPn+l'"P4-I 


(5.11) 


Adding the complex conjugated and dualised version of this expression to its original, one 
finds the following expression relating different components of the combination + 


{VAei,...i, + (-1) VAei,^,...i,)a,...a^p,...p^ - ■ 

_ _ _ 0,m+l-"aiPn+l"-p4-I (J) . \ ( .p. . V 

^ai--amPl-"Pn ~ \ ■^A'-2j+i-"74yam+l"-a7Pn+l-"P4-7 * 


(5.12) 


The same expression holds with an extra + index on the end of the list of components 
on both sides. In addition, the same relation holds for the following combinations 

p. ., + ('-ijiudg. if,. . _ i{_i\{i/‘A(,. if,. . _ _ ^('-ijh/dp. 

'^21-**275 ~ V '^77+1-**745 ? J '^27+l"*74 ? ^^2l"-775 / ^77+l-**745 ? 

(5.13) 

which together with + (—above span a basis in the space of Majorana 
spinors for the null case. This concludes the investigation of the complex conjugation 
relations of the components of the Killing spinor equations in the null basis. 

The linear systems associated with the integrability conditions in the null and in the 
timelike basis are related in a similar way to those of for the Killing spinor equations. 
One again replaces in the linear system for the integrability conditions 0 with t] and i 
with +1. An additional sign appears in the Iq component of the integrability conditions 
because one replaces Tq with Tt, as in the Killing spinor equations case. Because of the 
simplicity of the rules to derive the linear systems associated with the null basis from 
those of the timelike one, we shall not give further details for the former. 


6 N=2 backgrounds with SU{4:) invariant Killing spinors 

6.1 The Killing spinor equations 

The most general SU{4) invariant Killing spinors of a iV = 2 background are 
hi = /(I+ 612345 ) 

h2 = hi(1 + 612345) + 5'2*(1 — 612345) + (65 + 61234) • (6.1) 

where /, gi,g 2 ,g 3 are real functions of the spacetime which will be determined by the 
Killing spinor equations. We shall assume that h 3 7^ 0 because otherwise the spinors 
are SU{5) invariant and this case has already been investigated in [10]. The Killing 
spinor equations of gi are as in the N = 1 case. So it remains to solve the Killing spinor 
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equations for the second spinor. Using the Killing spinor equations of rji, the Killing 
spinor equations = 0 can be written as 

{dAgi—gidA log/)(l+ei2345)+*'9A5'2(l —ei2345)+*5'2’f^A(l—ei2345)+V^^^A[5'3(e5+ei234)] = 0 

(6.2) 

Multiplying the above equation with g^^, we hnd that the Killing spinor equations for 
the second spinor can be rewritten as 

gs^i^Agi - gidA log / + idAg 2 )^ + gs^idAgi - gidA log / - i<9A5'2)ei2345 
+\/2dA log5'3(e5 + 61234) + ig^ ^fi'2’f^A(l — 612345) + V^VAie^ + 61234) = 0 . (6.3) 

To proceed one can use the results in the appendix C to substitute for ©^(65 + 61234) 
and iT>A{^ — 612345). The resulting expressions have been given in appendix E. It turns 
out that in solving the resulting linear systems one has to distinguish between g 2 = 0 
and g 2 7^ 0. We will hrst consider the simplest case with g 2 = 0. This splits up in two 
subcases, depending on whether gi vanishes or not. If gi = 0, the results have been given 
in [10]. Here we shall summarize the gi ^ 0 case. The conditions on the function g^ and 
gi are 

dogs = 0 , dx log gs = dx log / , d^ log gs = d^ log / , (6.4) 

(9a log ^1 = (9a log/, (6.5) 

and 

(95 log ^1 = (95 log/. (6.6) 

We are left with the two equations (E.27) and (E.28), the hrst one of which gives the 
time-dependence of the function gi\ 


93 ^dogi — *Ho,o 5 + ^f^o,05 — 0 • (6.7) 

The conditions on the Ho,oi components are 

f^o,o 5 = - 2(95 log / , Ho,oa = - 2 ( 9 a log / . ( 6 . 8 ) 

The conditions on the f 2 o,p' components are 

^0,5A f^0,5A f^0,55 0 , f2o,(Ti(T2 4 (^ 5 ,pip2 ^5,pip2)^^ ^ o-i<72 (^'H) 

and the traceless part of Ho ,as is not determined. The conditions on the Ha^^ components 
are 


^[cri, 0 - 2173 ] 

In addition, we have 


H ) ^A,(T1(T2 ^0,0[iT 1 fi^(T2] a ) ^(T,A 2^0:0^ ’ 

— |(Ho,oa + 2H5^A5) • (6.10) 


^[<71,0'2]5 ^5,(T1(72 ) ^[o'1,o-2]5 ^ 5,7172 ) 

^(Si,S2)5 ^(Si,S2)5 ) ^A,55 H • (6-11) 
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The conditions on the fig components are 


^5,A5 ~ ^5,A5 ) ^5,A5 ” ^5,A5 ) ^5,A5 “ ^5,A5 ” ~^0,0A ) ^5,55 — “^5,55(6-12) 

We also have the following relations 


and 


fio ,05 + fio ,05 ~ ^ 5,55 + ^ 5,55 + 2 fi 5 ,A'^ ~ 2fi5 a'*' , 

2^(A,o-) 5 + ~ 2^0,05 ~ ^5,55 + ^5,55 ~ ^5,p^ + ^5,p^) = 0 , 


(6.13) 


fis.A^ — fis.A^ , fi5,55 — |(^0,05 + fio.Os) ) ^(A,o -)5 ” ifi'A(T(^0,05 + fio.Os) • (6.14) 

All fluxes are expressed in terms of the geometry via the relations summarized in ap¬ 
pendix B. In addition, we hnd that 

F\ubb = ~2ifio,Aa , F\5aia2 = <^icr2 ' (6.15) 

This concludes the analysis of the N = 2 SU{4) case with g 2 = 0. 

The Killing spinor equations for the case with (72 7 ^ 0 are rather different from those 
with g 2 = 0. The solution of this linear system is described in section E.2. Here, we 
summarize the conditions on functions that determine the spinors, the geometry and the 
fluxes. 

The conditions on the functions /, 5 'i, 5'2 and g^ are 

dogs = 0 , g^ ^dog2 — (fio,o5 + fio.os) = 0; fi's — *(fio,o5 — fio.os) = 0, 
dp \og{gi/f) = 0 , dp \og{g 2 /f) - 2g:^g^^VLQ^p^ = 0 , dp log gs + fi 5 ,p 5 + ^5,5p “ = 0 , 

di log(^3/) = 0 , dp log(^2/“^) = dp \og{gif-^) = 0 . (6.16) 

The conditions on the geometry are 
9s ^5'2[fio,05 + 2 fi 5 ,p^] -|- 2fio,p^ = 0 , fio,55 = 0 , fip,cr5 + ^o-,p5 = 0 
^5,55 = 0 ) fi(p,CT)5 = fi(p,CT)5 = 0 ) fiA,o-*^ + fig.AS + |^0,0A = 0 , 

~^Ws ^92^b,pa ~ 4ffio,pCT — fi5,AiA2e^^^^p5- + fi5,AiA2^^^^^pCT = 0 

^[p,(t]5 T ^5,pct 0 ) ^p,55 0 ) ^5,p5 ^5,p5 ^ ) ^5,per T fi[p,(7]5 0 

^Ai,A 2A3^^^’^^^®P + 2ifio,p5 = 0 , —fip^A^ — ^5,A5 ~ ~ ^0,0A = 0 

fi 5 , 5 A = —fi 5 ,A 5 ) 9s ^fi' 2 ^ 5 ,A 5 = ~^ 0 ,A 5 ) ^ 0,(75 = ^ 0 (t 5 

fip,AiA 2 T ^(fiSjSfAi ^5,5[Ai T 2 ^0,0[Ai )fi^A 2 ]p o9s fi^ 2 (fip,( 7 iCT 2 ^< 7 i,( 72 p)*^~ ” A 1 A 2 0 

~9s ^fi' 2 fio,p 5 ~ ^ 5 ,p 5 ~ ^ 5 , 5 p + ^ 0 , 0 p = 0 . (6-17) 

The conditions on the fluxes that arise from the requirement of iV = 1 supersymme¬ 
try have been summarized in appendix B. The additional conditions that arise for two 
supersymmetries are 


Fpabb 2ifio^p(T 

Fp5XiX2 = ^^0,5[Aifl'A2]p + + ^[A^i^2])^°^^'^^AiA2 • (6.18) 
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6.2 The geometry of spacetime 

Using the results of [10], it is straightforward to compute the spacetime form bilinears 
associated with the Killing spinors (6.1) for both g 2 = 0 and g 2 ^ 0. These are a zero 
form 

a(r/i,r/2) =-2/^2 , (6.19) 

three one-forms 

«(hi,hi) = -2/V , 

«(hi,h2) = -2/5-16°-h 2^2/5(36^° , 

k{V 2 , V 2 ) = -‘^{gl + gl + ‘^gl)e^ + 4^25-15-36^° -h 4:V2g2g3e^ , (6.20) 

three two forms, 

^{VuV2) = 2fuj, 

^iV 2 , V 2 ) = 2(5 i -h gl)uj Aglu - AV^gig^e^ A + Ay/2g2g3e^ A 6^° , 
c^(hi,h2) = 2/510; - 2v/2/53e° A 6® , (6.21) 

one three form 

e(r/i,52) = -2V2fg3U^^^^'^ A 6^ , (6.22) 

one four-form 

C(hi) V 2 ) = ^^00 A O’ -I- 2v^/53[Ime — 6° A A 6^°] , (6.23) 

V2 

and three hve-forms 

^{Vi,Vi) = 2/^[Ime-h ^6° Ao; Ao;] , 
r{r]i,r] 2 ) = 2/5i[Ime-h ^6° A o; A o;] 

+ 2/52Re 6 - 272/53(6° A Re A A 6^°] , 

'r{ri 2 ,V 2 ) = 25i[Ime-h ^6° A o; A o;]-h 252[-Ime-h ^6° A o; A O’] 

-|- 453 [Im e -|- -O’ A O’ A 6°] -|- 45i52Re e 
- 4725153(6° A Ree'^^(^) A A 6^°] 

+ 4725253(6° A A A 6®] , (6.24) 

where 

O’ 

UJ 

^SUi4) 
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= - 6 ^ A 6 ° - 6 ^ A 6 ^ - 6 ° A 6 ® - 6 ^ A 6 ° - 6 ° A 6 ^° , 
= 6^ A 6° + 6^ A 6^ + 6° A 6® -t- 6^ A 6° - 6® A 6^° , 

= 6^ A 6° + 6^ A 6^ + 6° A 6® + 6^ A 6° , 



(6.25) 


e = (e^ + ie®) A ■ ■ ■ A (e® + , 

,SUi4) ^ ^ 

e = (e^ + ie®) A ■ ■ ■ A (e^ + ie"*) A (-e® + ie^®) . 

All the above forms specify the geometry of spacetime. Instead of investigating the 
properties of all spacetime form bilinears, we shall mostly focus on the properties of the 
three one-form bilinears. It is convenient to rescale them with a factor of 1/2 and rewrite 
them in the Hermitian frame basis as 

= -/^e° , 

«(hi,h 2 ) = -/fi-ie® - i/fi-se® + i/fi-se® , 

k{V2, V 2 ) = -{ 9 I + 9 I + ‘^9l)e^ + ‘^ 93(92 - i9i)e^ + ‘^ 93(92 + ifl-Oe® . (6.26) 

The associated vector helds X, Y and Z, respectively, are Killing. This can be easily 
verihed using the conditions summarized in (6.16) and (6.17). In addition it turns out 
that X,Y and Z mutually commute, i.e. [^, K] = 0 and similarly for the rest of the 
pairs. In addition, we have that 

g{X,X) = -/^ 
g{Y,Y) = -fg! + 2fgl, 
g{Z,Z) = -[gl + gl-2gl]\ 
g{X,Y) = -fg,, 
g{X,Z) = -[gl + gl + 2gl]f\ 

g{Y,Z) = -fgl + 4fg,gl. (6.27) 

The vector held X is timelike while as one expects Z is timelike or null. 

The Killing vector helds do not commute. So in general one cannot adapt coordinates 
to all three Killing vectors. The form of the metric can be written by adapting coordinates 
to one of the Killing vector helds say X. 

7 Solutions to the integrability conditions 

7.1 N = 1 backgrounds with SU{5) invariant spinors 

The Killing spinor is rj = /(I -|- 612345 ). The integrability condition on this spinor implies 
the vanishing of the combination 

(T(41)q.j...q^ “ 1 “ (2Aei2345)ai---Q:i 0 ) ('^• 1 ) 

for i = 0,..., 5. These integrability conditions guarantee the vanishing of the Bianchi 
components and The remaining held equations are subject to the relations 

0 = Eoo - 12*Lo„“ - 120*5o„“/ + , (7.2) 

0 = (7.3) 

0 = - Gig^pLo^^ + - eOig^pBo^^s^ + SeOiB^^p^^ - , 
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0 


0 = -^a /37 ~ ‘^^9a[pB^]5^e + 20i?Q,^^5'^ , 

0 = + ^'iLose^afS^^^ ■ 

These can be solved by explicitly imposing the components 

{-^Oq/S) ^0af3'> -^00/97(5) -^O/S^^e) -^O/S^Se} ) 


(7.4) 

(7.5) 

(7.6) 


(7.7) 


Therefore, in the iV = 1 SU (5) case, one still needs to impose the above components of 
the Bianchi identity plus the electric part of the gauge held equation® to satisfy all held 
equations. 


7.2 N = 2 backgrounds with SU (5) invariant spinors 

The Killing spinors are 

hi = , V2 = , (7.8) 

with /i and /s non-vanishing. Independent of the functions /i,/ 2 ,/ 3 , the integrability 
conditions arising from these spinors are 

(7^Al)oi...ai = {lA^12Mb)ai-ai = 0, (7-9) 

for i = 0,..., 5. From these conditions one can derive that the held equations do not 
automatically vanish are 


{71/00) T^oa; Z/qq,^, , 

(7.10) 

where the tilde means traceless part, subject to the relations 


0 = Eqq — 12iLoQ,“ , 

(7.11) 

0 = Eoa-l80tB^/^U 

(7.12) 

0 = EafS ~ + ISiLoo,^ , 

(7.13) 

0 = — + 2 QB^p^s^ . 

(7.14) 

One can solve these equations by explicitly checking 


{7/0«d’ Eoap^Sj EiyfS^sU ) 

(7.15) 

after which all other held equations are implied. 

®The fact that the magnetic part of the gauge field equation is implied by V = 

1 SU{5) supersym- 


metry and the Bianchi identity can also be derived from the bilinear formalism of [8]. 
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7.3 N = 4: backgrounds with SU{4:) invariant spinors 

The Killing spinors are 


hi = , (7.16) 

V2 = (7.17) 

h3 = (7.18) 

h4 = , (7.19) 

with /ij/sj/e and /lo non-vanishing. In this case, independent of the ten space-time 
functions, the integrability conditions (2.9) of the four Killing spinors correspond to the 
conditions 

(^Al)Ai-Ai = (27ll)Ai...Ai5 = (7^Aei2345)Ai...Ai = (7^^612345) Ai...Ai5 = 0) (7.20) 

(7^Ae5)Ai...Ai = ( 7 ( 465 )^ 1 ...Ai5 = (7^Aei234)Ai-Ai = (7^^61234) Ai-Ai5 = 0) (7.21) 

for i = 0,..., 4. These imply all but the following held equations: 

{77oO) 71/55, 7/055) 7/A/ip) T^QA^jyp, B\ppp^^ ]■, (7.22) 

(where the tilde means traceless part) subject to the relations 

0 = 77oo — 12f7/o55 , (7.23) 

0 = Exp — GigxpLopp , (7.24) 

0 = 7^55 -|- 12iZ/o55 , (7.25) 

0 = Lxpu + 20Bxpupr (7.26) 


These can be solved by requiring the components of the Bianchi identity in (7.22) to 
vanish and by imposing the held equation L 055 = 0 . 


8 Resolved membranes 

In this section we will consider the class of solutions which admit Killing spinors as in 
(7.19) with the restrictions 


/2 — /4 — /5 — /? — /s — /g — 0. (8.1) 

as analyzed in [10]. We shall show here that the most general solution is a resolved 
rotating membrane wrapped on a two-torus T^. 

We will start by summarizing the conditions for SU{4) backgrounds to admit the 
four Killing spinors. Firstly, this background has three commuting Killing vectors, one 
of which is timelike and the other two are spacelike. Because of this, we introduce three 
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coordinates x*, i = 0,1, 2, adapted to these three Killing vector helds which are thought 
of as the worldvolume coordinates of a membrane. We dehne the frames^® 

e* =+ a*), (8.3) 

where the a* are independent of the world-volume coordinates and only take values in 
the 8D transverse space. Since the Killing vector helds are orthogonal and of the same 
length, the metric in this frame reads 

= f^gij{dx^ -I- a^){dx^ + a^) + 2gxfie^e^ , (8.4) 

where gij = diag(—1,1,1), gxp, = 6xp and e^, A = 1,..., 8, is a Hermitian frame for the 
metric on the space of orbits B of the three isometries. The eight-dimensional space B is 
complex and is identihed with the transverse space of the membrane. The Killing spinor 
equations imply [10] that the four-form held strength can be written as 

T = -d(e° A A e^) + , (8.5) 

where is a traceless (2,2) form on B and so self-dual. In addition, the components 

^i,AB of the spin connection satisfy the conditions 

= 0, ^i,jx = 2,gijdx log /, (8.6) 


— 0 , — 0 , 


(8.7) 

while the 0.x ,ab components read 



Ox,ij 0 1 

0 5 

(8.8) 

Ox,ip 2 / {.doiijxp j 

0 , 

(8.9) 

Ox,flp = -2gxipdpj log / , 

^A,^^ = dx log /, 

(8.10) 


where da\j^ = dxa}^ - dfia\. 

We now turn to the held equations. As explained in section (7.3), the integrability 
conditions for the = 4 S'17(4)-invariant Killing spinors imply that one only needs 
to impose the vanishing of a number of components of the Bianchi equation and one 
component of the T held equation. Specihcally, one has to impose the vanishing of 

{Lq\2i BiX^ppi Bxfiupa} 1 

where the ~ denotes traceless part of the associated quantity. Let us hrst consider the 
Bianchi identity. The components with a world-volume index imply independence of 
of the world-volume Killing directions: 

^.^(2,2) ^0. (8.12) 

^°The Hermitian frame directions and e® are related to and as 

+ ie^)/V 2 , = {e^ — ie^) jx/2 . (8.2) 
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The remaining (2, 3) component of the Bianchi equation implies to be a closed 

form on B, i.e. 

where dg = + e^dx- Since F( 2 , 2 ) is self-dual, F( 2 , 2 ) is also co-closed and so a 

harmonic (2, 2) form on B. The only component of the held equation that one needs to 
impose is T 012 , which implies 

D^dj log / = da^ ■ da^ + . ^( 2 - 2 ) ^ / = A, A (8.14) 

where the Dj is the Levi-Civita connection of = 27 A^e^e^ of the transverse space B 
and the inner product of a k-form 0 is 0 ■ 0 = ■ 

This solution can be written in a more familiar form by rescaling the as = f~^e^ 
and identifying H = /“®. The metric and hux then become 

= H~‘^^‘^gij{dx^ + a^)(dx^ + a^) + 2H^^^gxp,e^e^ , 

F = -d(e° A A e^) + , (8.15) 

where e* = H~^(dx^ + a'^). The components of the spin connection of the rescaled metric 
ds^ = gxp.^^^^ and frame satisfy 

= 0 , = 0 , = 0 , (8.16) 

and hence ds^ is a Calabi-Yau metric. The Laplacian equation for / in terms of H 
becomes 

-b^diH = gij da^ ■ da^ + |F(2-2) . ^( 2 - 2 ) ^ (8.17) 

where Z)/ is the Levi-Civita connection of ds^ and inner products have been taken with 
respect to ds^. The equation (8.17) for a* = 0 has been explored before in the context 
of resolved membranes, see e.g. [ 21 , 22 , 23, 24]. A case ^ 0 has been considered in 
[ 8 ], corresponding to a rotating resolved M2-brane but da was taken to be (2,0) and 
(0,2) instead of (1,1) and traceless that we have here. The case a* 7 ^ 0, i = 0,1, 2 has 
been considered in [25] and solutions were found with specihc transverse spaces. The 
interpretation of these solutions are resolved rotating membranes wrapped on a two-torus 
T2 which hbres over the transverse space B. Here we have shown that this is the most 
general supersymmetric conhguration with four supersymmetries for the SU (4)-invariant 
Killing spinors (7.19) subject to (8.1). 

It is worth pointing out that in the right-hand-side of (8.17) the contribution of the 
rotation has a different sign from those of the wrapping of the membrane on T^. We 
can use this to give necessary and sufficient conditions for the existence of non-singular 
solutions on any compact, connected without boundary, Calabi-Yau manifold B. First 
observe that a* can be thought of as the connection of a line bundle over the Calabi- 
Yau manifold B. Since the curvature /?* = da* is (1,1), this line bundle is holomorphic. 
In addition a necessary and sufficient condition for to admit a connection a* such 
that the curvature /?* is traceless, i.e. to satisfy the Donaldson condition, is 

/ /3*ADADAD = 0 (8.18) 

J B 
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where a) is the Kahler form of the Calabi-Yau metric ds"^, see e.g. [20]. Next turn to 

(8.17) . Since the left-hand-side of (8.17) is a Laplacian on 77, one can use Hodge theory 
to invert the Laplace operator and solve for H. A necessary and sufficient condition for 
the existence of a (well-dehned) solution on B is that the right-hand-side expression in 

(8.17) is orthogonal to the harmonic zero-forms. This translates to the condition 



dvol {gij /7* ■ [3^ + = q , 


(8.19) 


where dvol is the volume form of the Calabi-Yau metric ds^. This relation can be 
rewritten using the traceless condition of /7® and the self-duality condition of 77(2-2) 



\gij /7* A /77 A ch A ch + |F(2-2) a F(2-2)) = Q . 


( 8 . 20 ) 


Observe that the above relation depends on the cohomology class of cD, /7* and 77(2-2) 
it may be interpreted as a cancelation of membrane, rotation and wrapping fluxes when 
integrated over the compact Calabi-Yau manifold B. The above condition is the sum 
of squares and therefore if there is no rotation, i.e. = 0, then /7* = 0, i = 1, 2 and 
77 ( 2 , 2 ) _ g g^ jg only a trivial solution, i.e. H = const. However if ^ 0, then 
there are solutions of (8.20) for non-trivial /7* and 77(2’2) provided that (8.18) and (8.20) 
are satished. Furthermore observe that H is determined up to a constant in (8.17), and 
it is bounded because B is compact. Therefore, it is always possible to choose 77 to be 
positive, 77 > 0. In such cases, one can hnd a non-singular solniion of eleven-dimensional 
supergravity preserving four supersymmetries with metric and flux given in (8.15). In 
the context of M-theory, there are corrections to the flux held equation. In particnlar, 
one has [26, 27] 


d^T-\T NT = kX^ , ( 8 . 21 ) 

where n are some nnits, Xg = pi and p 2 are the Pontryagin classes of 

spacetime. It is clear that in this case the condition (8.20) is modihed as 


/ ( - \9ij /9* A /77 A ch A ch + |F(2’2) a + kX^) = 0 , (8.22) 

Jb 

and this new condition is required for the existence of non-singnlar solntions. To snm- 
marize, the conditions (8.18) and (8.20) are necessary and snfhcient for the existence of a 
resolved (non-singnlar), rotating and wrapped membrane solntion of eleven-dimensional 
supergravity with transverse space a compact, connected withont bonndary Calabi-Yan 
manifold. Incidentally, these type of solntions resemble those found in the context of 
hux tubes in [28] and it may be worth exploring this fnrther. 


9 Concluding remarks 

The Killing spinor eqnations of any backgronnd of eleven-dimensional snpergravity the¬ 
ory have been rednced to the evalnation of the snpercovariant derivative Vaj on six 
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types of spinors aj. The expressions for all Vaj have been given in both a timelike and a 
null spinor basis. In addition the integrability conditions of the Killing spinor equations 
which encode the held equations of the theory have been investigated. It is shown that 
these integrability conditions can be expressed as a linear combination of the six types of 
spinors Xaj. We give the expressions of all laj again in both a timelike and a null spinor 
basis. As a result, one can determine the held equations of the theory which arise as 
integrability conditions of the Killing spinor equations. In this way, one can specify the 
minimal set of additional held equations required for a supersymmetric conhguration to 
be a solution of the supergravity held equations. We have also presented some examples 
to illustrate our construction. In particular, we have given a class of resolved, rotat¬ 
ing, wrapped membranes with transverse space a Calabi-Yau manifold preserving four 
supersymmetries. We have also shown that these are the most general supersymmetric 
solutions for a class of SU{4) invariant Killing spinors. 

This paper has given the systematics of how to classify all supersymmetric solutions 
in eleven dimensions. The above construction can be used to reduce the Killing spinor 
equations to a linear system for the huxes, geometry and spacetimes derivatives of the 
functions that determine the Killing spinors. This system is of increasing complexity 
with the number of Killing spinors that a background admits. Nevertheless, we have de¬ 
termined all the coefficients and unknowns of this linear system for all supersymmetric 
backgrounds. A similar conclusion applies for the linear system that arises in the inte¬ 
grability conditions which determines the minimal set of held equations which should be 
satished. Therefore, the classihcation of supersymmetric backgrounds is associated with 
two linear systems, one is related to the Killing spinor equations and the other to the 
held equations. 

The two linear systems systems can always be solved. A question arises whether they 
are tractable for all supersymmetric backgrounds. In the general situation, they will be 
rather involved. However, some simplihcations may occur. The Killing spinors can be 
simplihed by using the gauge symmetry Spin{10, 1) of the supercovariant connection to 
put them at particular directions in space of spinors, i.e. to put them in a canonical or 
normal form. This typically reduces the number of functions that the spinors depend 
on. Further simplihcations occur whenever the spinors have some residual symmetry, i.e. 
some non-trivial stability subgroup in Spin{10, 1). This happens in many supersymmet¬ 
ric backgrounds of interest and in particular in those that appear in compactihcations 
with huxes. A detailed discussion of this has appeared in [10]. However, it is known 
that there are backgrounds for which the Killing spinors have the identity in Spin{10, 1) 
as stability subgroup. This phenomenon occurs even for backgrounds with two super- 
symmetries. For such backgrounds there is no apparent simplihcation. Nevertheless, it 
may be possible in practice to solve these linear systems in general in many cases. For 
example, since the systems are linear this can be done with the help of computers. 
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A Spinors from forms 


A.l A timelike basis 

The realization of Majorana spinors of S'pm(10,1) in terms of forms has been described 
in [10], see also [29, 30, 31]. Here we shall summarize some of the features of the 
construction. For a detailed account of the construction see [10]. 

Let ei,...,eio be an orthonormal basis mV = Next consider the subspace 

U = in H generated by ci,..., 65 . The Euclidean inner product on V can be extended 
to a Hermitian inner product in Vq = and then restricted in denoted 

by <, >, i.e. on is 

5 

< >= , (A.l) 

i=l 

where {z*y is the standard complex conjugate of z\ The space of Spin{10) Dirac spinors 
is Ac = A*{U£). The above inner product can be easily extended to Ac and it is called 
the Dirac inner product on the space of Spin{10) spinors. The gamma matrices act on 
Ac as 


Tip = Cj A ?7 + Cijp , i < 5 

Ts+ip = iciAp-ieizp, i<5 (A.2) 

where Cjj is the adjoint of e^A with respect to <, >. Moreover we have that the Weyl 
representations of S'pm(lO) are Aj^j = and A^e = A°‘^‘^U£. Clearly Tj : Aj'^g — 

Aj'g. The linear maps Tj are Hermitian with respect to the inner product <, >, < 
Tip,d >=< p,Tid >, and satisfy the Clifford algebra relations TjTj + TjTi = 2(5jj. The 
Majorana Pin(lO) invariant inner product on Ac is 

B{p,9)=<B{p*),9> , (A.3) 

where the linear map denoted with the same symbol as the inner product is B = Tq 
and^^ Tj, = Tio. B is skew-symmetric. 

The spinor representations ofS'pm(10,1) are constructed byhrst settingTo = Ti.. .Tj,. 
It is easy to see that Tq = — 1 as expected and that Tq anticommutes with Tj. The Dirac 
representation of Spin{10) is the same as that of Spin{10, 1). The Dirac inner product 
on Spin{10, 1) representation, Ac, is 

D{p,9)=<ToV,9> (A.4) 

and the Pin{10) Majorana inner product (A.3) extends to the Majorana inner prod¬ 
uct of Spin{10,l). It remains to impose the Majorana condition on the Spin{10,l) 
representation, Ac. This is 


p* = ToB{p) , 77 G Ac 


^^From here on, we shall adopt the notation to denote the tenth direction with \] = 10. 


(A.5) 
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The 5'pm(10,1) Majorana spinors A 32 = {77 G Ac s.t. 77 * = ro-B( 77 ). For completeness, 
the spacetime form bilinears associated with the Majorana spinors 77 , 6 are 

a{r],9) = ^B{r],TAi...A^9)e^^ A---, k = 0,... ,9,[\ . (A. 6 ) 

Another ingredient in solving the Killing spinor equations and their integrability 
conditions is the construction of a basis in the space of Spin{10, 1) Dirac spinors Ac- It 
turns out that 

5 

Ac = 5^A°’'=-1 , (A.7) 

k=0 

where ■ denotes Clifford multiplication. Therefore 

A; = 0,...,5 (A. 8 ) 

is a basis in the space of spinors Ac, where 



1 

F2 


1 

F2 


(Fq, + iF^+s) , 

r“ = . 

q; = 1,. . . , 5 


(Fq- ^Fq,_|_5) , 

r** = , 

a = 1,..., 5 , 

(A.9) 


and The Clifford algebra relations in this basis are TcT^ + T^Tq, = 2 g^p, 

Tar/? + T/^ra = Tar/? + = O. observe that (Tj + iT^+s)! = 0 and similarly 

(Tj — iTj+sjci A • ■ ■ A 65 = 0. In particular. 


612345 — 


_e- - pai-c 

8-5! 


(A.IO) 


where €12345 = V2. We shall extensively use this basis for spinors to analyze the Killing 
spinor equations and their integrability conditions. As in the above equation, throughout 
the paper we suppress the sign of the Clifford multiplication, e.g. instead of T" ■ 1 we 
write r“l. 


A.2 A null basis 

An alternative way to construct the Majorana representation of Spin{10, 1) is to be¬ 
gin from the Spin{9, 1) spinor representations. The realization of the spinor repre¬ 
sentations of Spin{9,l) in terms of forms has been presented in [11]. We shall re¬ 
peat this construction and then we shall explain the application to Spin{10,l). Let 
U = M < Cl, ..., 65 > be a vector space spanned by ci,..., 65 orthonormal vectors. 
The space of Dirac S'pm(9,1) spinors is Ac = A*{U 0 C). The gamma matrices are 
represented on Ac as 

ro77 = -65 A 77-F 65077 , r577 = 65 A 77-f 65077 

rj77 = 6i A 77 4-6i077 , 7 = 1 ,..., 4 

r5+j77 = 76i A 77 - 76*077 , (A.11) 
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where j is the adjoint of A with respect to the (auxiliary) inner product 

5 

> (A- 12 ) 

a=l 

on U and then extended to Ac- {z°‘)* is the standard complex conjugate of z°‘. The 
gamma matrices have been chosen such that {Tp i = 1,..., 9} are Hermitian and Tq is 
anti-Hermitian with respect to the (auxiliary) inner product <, >. 

The above gamma matrices satisfy the Clifford algebra relations T^TB-fT a = ‘^Vab 
with respect to the Lorentzian inner product as expected. The Dirac inner product on 
the space of spinors Ac is D{r],6) =< ro? 7 , 6 * > and the Pin{9, 1) invariant (Majorana) 
inner product is 

B{r,,e)=<B{r,*),e> , (A.13) 

where B = Toeysg- Observe that B{ri,9) = —B{9,ri). 

The Dirac representation of Spin{10, 1) is identihed with the Dirac representation of 
Spin{9, 1). The tenth gamma matrix is chosen as 

Tt] = —roi23456789 • (A-14) 

One can verify that T^ = 1 and that anticommutes with the rest of gamma matrices. 
The Dirac inner product is D{ri, 9) =< Tq?], 6 * >, i.e. the same as that of the Spin(9, 1). 
In addition, since H is a Pin(9, 1) invariant inner product, it extends to a Spin{10, 1) 
invariant Majorana inner product. It remains to construct the Majorana representation 
of ^^^(lO, 1). For this, we impose the condition that the Dirac conjugate is equal to 
the Majorana conjugate. It turns out that it is convenient to chose as a reality condition 

p = -ToBip*) , (A.15) 

or equivalently 

p* = Tgy89V ■ (A.16) 

The map C = Teygg is also called charge conjugation matrix. In this basis the {Spin{7) k 
M®) X M-invariant Majorana spinor is 1 -|- 61234 . The simplicity of this representative of 
the Spin{10, 1) orbit with stability subgroup {Spin{7) x M®) x M suggests that if one of 
the Killing spinors is null, then it may be simpler to use this basis to solve the Killing 
spinor equations. 

To solve the Killing spinor equations of eleven-dimensional supergravity, it is conve¬ 
nient to use an oscillator basis in the space of spinors Ac. For this write 

To = , r± = ~ ■ (A.17) 

Observe that the Clifford algebra relations in the above basis are F^F^ -|- F^F^ = 2gAB, 
where the non-vanishing components of the metric are = Sag,g+- = 1. In addition, 
we dehne = g^^^T a- The 1 spinor is a Clifford vacuum, F^l = F+1 = 0 and the 
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representation Ac can be constructed by acting on 1 with the creation operators F", F’*' 
or equivalently any spinor can be written as 

Si 

h = 0ai...afc , a = a,+ , (A.18) 

k=0 

i.e. for A; = 0,..., 5, is a basis in the space of (Dirac) spinors. 

Observe that both the timelike basis and the null basis of Ac are oscillator bases. 
Because of this, it is straightforward to adapt the results we have obtained in this paper 
for the timelike basis for the Killing spinor equations and for their integrability conditions 
to the null basis. 


B N=1 backgrounds 

In this appendix we summarize the solution of the Killing spinor equations for back¬ 
grounds that admit one Killing spinor with stability subgroup SU{5), i.e. the spacetime 
one-form bilinear is timelike. This case has been analyzed in [ 8 ]. The results, in the form 
we summarize them below, have appeared in [ 10 ]. 

The conditions on the geometry are 

^0,ij ) 2(9^ log f Dq Oq 0 

7 ^7,/3 ^0,07 0 • 

The electric part of the flux is expressed in terms of the geometry as 

GaP'y T ‘^'^9a[P^0,0'y] 

Gaia2a3 ^0-203] 

and the magnetic part of the flux is 

^Poi'y'^ ‘^^^a,0P T ‘^^9aP^p,059^ 

^apiP2P3 2 [^“'7172^ ^ /9i/32/33 A ^ ^ [9iP29p3\a + ^‘^i^[PifiP29Pz]a] ■ (B.3) 

The traceless (2,2) part of F is not determined by the Killing spinor equations. 

The conditions on the geometry imply that the one-form = —pK = pe^ is a 
timelike Killing vector held and the space of orbits of this vector held has an SU{5) 
structure with IT 5 -|- 2df = 0 , where 

(IKs)^ = - Dc/ , (B.4) 

is a Gray-Hervella type of class [32]. We use the above results to investigate backgrounds 
with two supersymmetries. 


(B.l) 


(B.2) 
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C Killing spinor equations in canonical basis 

To derive the linear system associated with the Killing spinor equations for the geom¬ 
etry, fluxes and spacetime derivatives of f,g,u,v,w,z one has to expand VaUi in the 
Hermitian basis (A.8) and use (3.2). This computation can be simplihed in various ways. 
First, it is not necessary to compute both VaCi and VaCi because since the spinors e are 
real the equations derived from Vae are complex conjugate to those of V^e and so are not 
independent^^. In addition, since is real only half of the relations are independent. 
These are chosen to be along the basis elements 1, T"! and T"^!. The remaining are 
related to these by complex conjugation followed by dualization with the (5,0) form e. 
So again, we shall give only the independent conditions. We remark that one can use 
these relations between the equations of the linear system to provide a useful check of 
the result. 

It is intended that the results of this appendix to be used as a manual to derive 
the linear system associated with the Killing spinor equations of any number of spinors. 
Because of this, we first state the action of the supercovariant derivative T>a<Ji on the 
appropriate irreducible spinor aj as a title of its subsection. Then we expand Vao^i in 
the canonical basis. On the left column, we state the basis element of the oscillator basis 
(A.8), and in the right column we give the associated component. 


C.l VaI 

Evaluating VqI and expanding the result in the basis (A.8), we hud 
Pol 

l_r) 7 _ _L p 7 ^ 

2 ^‘0,7 24-'^7 5 

f ^0,0/3 + 1 ^/ 37 "^ 

i^oAh ~ ■ (C-i) 

Similarly, computing 1)^1 and expanding the result in the basis (A.8), we get 
Pal 


1 

T^l 

p/3i/32]^ 


in. 7 I 7 

2'^‘‘a,7 ' 12 ^“7 

*0 -_l1P-7 

2^^a,0/3~r 12'^®/57 

4^a,^i/32 A 24^«/3 i/32 
A p_ - - - 

72 -‘^^ 0 / 31 / 32/33 

0 

0 . (C.2) 

As we have explained the expressions for the remaining basis elements in (C.l) and for 
PqI can be recovered from the above using complex conjugation. 

Observe though that ai are complex spinors and so this complex conjugation relation does not 
apply for them. 


1 

T^l 

p/3ld2]^ 

p/3i/32/33^ 

p/3i/32AA]^ 

p/3i/32/33/34/35 
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C.2 T>Aei2Mb 

The time component of the Killing spinor equations yields 

^0612345 


1 

r^i 


0 

i p 771727374 _ 

144''- 71727374'^ (3 


_ 

72 '-^717273 


7717273 _ _ 
^ /3lh2 


Similarly the '^^612345 yields 

^^<5612345 


(C.3) 


1 

r^i 

p/3i/32 

p/3i/32/33/34 2 
p/3l/32^3/34^5]_ 


_L 7_71 727374 P 

■j2^a -i 71727374 

_ i_ 7 _ _ 7 l 7273 p' 

36 '^ 0/3 '-^717273 

_ L2_- - 7172 p 5 _Lp_ 

48^o/3i/32 71720 48 “ 

_Lo_ 7 T'n' 2 . 

40 'J “A- 


43‘^^a,7i72'^ 


P 1 P 2 P 3 144^«/3i/32/33 


7717273 _ _ 

0,7172 73 c 

-- ^ + - 


77172 . 


_!_0_ 77---- 

‘ 0 , 07 c /3 i/32/33/34 


192 

o rrl o “ “A 


1 TP ■y &2 - - - - 
-^7 5 ^af3iP2l33fS4 


242.4 


) o 

1 p_ <5 77 - - 

384 ■^"7<5 t ^ " 


/3i/32/33 

/3i/32/33/34 


7 


8-5! I 


2 


+ fGa 


71 


07 J'^/3i/32/33/34/35 ’ 


(C.4) 


where = v/ 2 eai...Qg and ep-g = 1 . 


C.3 \/2T)AGk 

We split up a into^^ p and /c, where p are the remaining four indices: p = (1,..., ..., 5). 

The time component of the Killing spinor equations yields 

a/ 2 Ppefc 


1 

: 2(—|r2o,ofc + ^Gkx^) 

rw 

: 2(4r2o,ffc + 


■ 1^0,— \^0,kk + 

rif2 ^ 

ipi 

6*^'''11'2^ 


• + ^Gf\^ — |G 


i TP \ _ 
\2^^ 


rkk 


(C.5) 


The different spatial directions, i.e. p and k, yield 
a/2 Vpek 


1 : 

^^p, 0 /c “ 1 “ ^FpkX 

TP : 

0 ^ 

^^p,Tk prk 

rh : 

In A _ 1 q __A _|_ _ 

2 '^^P,A 12^ ' 12 ^ pkk 

prir 2 ]^ 

1 77 


_j_]_77 A _LZ7 

2^^p,0r “r 22 '^P^A 12 '^ 


^^Note that k is not an index here but rather a fixed label for a particular spinor efc. The same holds 
for the labels of all other spinors in these tables. 









pTlT2T3 

pfif2fcj^ 

pfif2r3f4 

pfif2'f3fcj^ 

pflf2'f3'f4fcj^ 


Next we find that Vj.ek gives 
V 2 Vj^Ck 


1 

r^i 

rh 

J^TiT2 ^ 

rh 


pTlT 2 T 3 


priT 2 fcj^ 


pri 


T 2 'r 3 T 4 1 


priT 2 r 3 fc 

pflf2f3'f4fc 


0 


'if]_ 

, 4'^ ^P,rir2 


2 

24 


G^PT1T2) 


0 

±p _ 

72 Pn'r2'r3 


0 . 


+ Ihkxh 

Q_ _^ 

^^k,fk gVrT^ ^(jfkk 

iq- ^ iq- - '^r'- ^ 

2“fc,A ~ 2 ^^k,kk ~ 4 '^kX 
_1_ p_ _ A _ ]_ p_ _ _ 

12-^tit2A T\T 2 kk 

i O- 1 I? _ A 

~p^kflf ~ l^fkX 
_L/^_ 

Sg'-fT-j^T-jT-j 

in_ _ Ln-_ 

4’^“fc,rir2 kTiT 2 

— l-F _ 

144 T 1 T 2 T 3 T 4 , 

_]_ p__ 

24'^tit2T3A: 

0 . 


(C. 6 ) 


(C.7) 


C.4 x/2VAei^...i^ 

We split the indices a into p and k, where p = {ii, ... ,* 4 ) and k is the missing fifth 
coordinate. In addition we will use the Levi-Civita symbol ep^.-.p^ which is dehned by 
h--i 4 ~ V^. The time component of the Killing spinor equations yields 

a/2 

_1 : -^FA,A2A3A4e"^"^"^^^ 

T^l : — i^GAiA2A3e^^'*'^^®f 

r^l : 0 

: ^( —|fIo,AiA2 ~ ^T\jA2<t'^ + ^T’AjA2fcfc)^'^^'^^TiT2 

wh : (C.8) 


The different spatial directions, i.e. p and k, yield 

a/2 T)p€i^...i^ 


1 

r^i 

rh 

j^fir2 ^ 


pri 


T 2 T 3 -1 


Igfi^pAi f^A2A3A4*^ 

1 17 I 1 


AiA 2 A 3 A 4 

_ (J_P_ j_Lr/- F ^ _ —n- F _'\ 7 AiA 2 A 3 

V 12 '^/^-^ 1 -^ 2 A 3 “T i 2 ypAi A2A3 (t ^2X3kk)^ i 

1 „ p _7 AiA2A3A4 

IgdpXl-^ X2X3X4k^ 

(4^P,AiA2 T 8 ^pAiA 2 T 'j29pXiGrX 21 J X2kk) 


1^1 
2 


~AiA2 


l2^pT '^XiX2k 

d-fiO- 
12 ''2 '’ 


p,0A 


-F- 

A J- n 


pX(7 


^^pXkk 


249pxFcr h 


+ hdpxFi 


kka 
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pTlT2fc]^ 

_Iflp- J_Lr) F - 

2 18"^ pfcAiA2 ' 12^^'^!'^ X^ka tit2 


pflf2f3f4 

It lO '’'-l-lO - ^ C' ^ C -V 

96 \ 4 '^P-^ 4 '^pkk)^riT2T3T4 


pflf2f3fc 

T " 4 ^pXk T i29pxGj,fj. )i fif 2 f^ 


p'fif2f3f4fc 

1^*0 - ^F - 

96'2^^P)0fc 4 -^pfcA F'riT2r3r4 • 

(C.9) 


Next we turn to V^ei^...i^ to find 


1 

: 0 

T^l 

1 p_ ?AiA2A3 

36-‘fcAiA2A3t T 

rfcf 

: 0 

pn^2 

• ~i(i^fc,AiA2 + ^^feAiA2)^'^^'^^Tif2 


: 0 

pfif2f3 

1^*0- ^F- 

12V2^‘fe:0A 12 -^fcACT F TIT2T3 

pfif2fc]^ 

: 0 

pfif2f3f4 

• ^(~|^fc,A^ + |^fc,A:fc “ 

pfl'f2f3fc 

1 Q_ _?A 

24 k,Xk^ T1T2T3 

^^17=27=374^: 

* O- 

192‘'fc,0fe'^7-ir2r3r4 • 


C.5 T>Aeij 


(C.IO) 


We split the indices a into p = {i,j) and a, which contains the remaining three indices. 
We also dehne = 1. Then the time component of the Killing spinor equations yields 


1 : 

* F 

‘^\ 4 ^‘‘ 0 ,pq 24'^P'J‘^ F 

r“l : 

_i(7_ f:P9 

T^l : 

( iQ ^ \ 

V2'^^050g Q^qr ' Q^qa p 


^F-z 

24 abpq^ 

p“P]^ . 

/1q i -p ^i^Z? 

V2’^^0,ag 12 -^ o,qb “r P 


Wlo lo P i TP a b , i TP a r 

2^^0,p 24"^^^ \2^^ 


(C.ll) 


The different spatial directions, i.e. a and p, yield 


1 : 

_2tiQ- + ±G- if'?’’ 

rh ; 

-—F-7 e''^ 

12 abqr^ 

rn : 

[iQ T? ^ 1/7 

pfeCf . 

0 

pbg]^ . 

(|^a,Sr + 

pgf]^ . 

1 /1 (-) b Iq 5 I i pi b i pi s\ 

^\2^^CL,b ' 12 '^^^ 12 

Y'bcd-^ 

0 
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and 


pbegj^ 

24 Fgbcr^ 


1 1 * 0 - 

Y'bcdq-^ 

0 

'pbeqf-^ 

irio - 

4 V 4 ^ ^a,fec 

Y'bcdqf-^ 

0 


1 -p__ C _ 

12‘^a6c 


J_ /?_- 


^qr 


\G €nr 


(C.12) 




1 

rh 

rn 

r'bei 

r5fi 

Y^bcd-^ 

Y^bcdq-^ 

p6cgf 

p&crfgf 


—Oi'iO- -L J_n_ _ Ln- 

^p,qr “r 22'^P9^ / 

(~ll-^pgr5 + ^gpqFrbc)^^'^ 

/ 2_Q_ _Li/?_ ^_i/7_ _Ln- P ^ ^ J_Ln- P ^ 

4.-^pT'b q-F prps ^^ypr-Fb c \ ^ / 

Y2 

(|^p,5r + \G 

l/lo & 1 


- 

C ft 


^pbr \29p'''^bs 


)e g- 


I i_/^ _ b i^_ ^ 

T“ 4'J'pfe 4'-^ps 


il'lO- ° — lO- ^ 

4 V 2 ^^P>^ 2^^Pi* 

— d- F-_- f:-”? 

36 bcdq^P 

^gFprbc ’^gprFbcd d~ "^9probes ) 

]_/_ir) -_i_lP-C IP- 

412 ^^106”*” 4-'-pbc 4-‘-pbs 

'^^bed^pq 

'§^pbc)^qr 


j^qr 


^ q 


qr 


i^iS^p,bc~^ a^vbc^^qr 
^ Fpbed^qr 


(C.13) 


respectively. 


C.6 A^klm 

We split the indices a into a = {k, I, m) and p, containing the remaining two indices. The 
three-dimensional Levi-Civita symbol is dehned by = \/2. The time component 
of the Killing spinor eqnations yields 


1 

r“i 

TPi 

Y^Pl 

pM]^ 


_L ^ ~a6c 

2§ ^ abc^ 

-il^o,bc - iiF,J + 

_L p . 

20 abep^ 

l(-|f!i),o= - lG^-‘ + 5P/)f'» 

_~6c_ 

22 a 

0 


The different spatial directions, i.e. a and p, yield 

FgCklm 

1 ; 


(C.14) 
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rh 

rn 

fbc^ 

r^n 

pbgf 

Y'bcdq-^ 

Y'bcqf-^ 

Y'bcdqf-^ 


—(ic>_ _ ir^- _ Ln_ ^ _L j_n_ 

\/^^^a,cd ^^acd ' 22 ^ 

_L^ _~ 6 c_ 

22 ^ 605 ^ Q 


- ^,9-ad{Fe^/ - ‘^F// + F/,"))?" 

77 e 1 _ 77 r\~cd_ 

£ b 


be 


22 dacFdqr 


/l 77 _ _j_]_ P _ ^ _ 1 

\^-^acdq ' i2ycLC-^ dqe 2 ^ 

jlFbc^gri^'^a 

_ _ _ _L lO- ^ -L 1 /^- ^ _ ir^- 

24V 2'^^^’^ ' 2'^^^’^ 4'-^ae 4'-^aq' J^bt 


A 2 ^^^’^ 2 ^^^^’*? “T ^O-ae 4 ^ag 

^(|^a,c/g ~ jG^q ~ -f^dddGqe^ + j2 9ddGqr^)e^lc 


j^n __f: _ 

24 '-^egr^ ab 
1 


-i 

J-(iCi- _-|- 1 f__®_ 1 f__’"\c-- 

24 \ 2 ^‘‘<^fil' 4^aqe 4-^aqr Jtfecd 
'^igFadqf F l^QddFqfe be 
^( 4 ^a,gf gFraqf)^bcd 


(C.15) 


and 



T^p^klm 

1 

—- F-h 

20 pbed^ 


vh 

—{\^p,cd — ^Gpcd)e‘"^b 


rn 

0 


rSci 

4V 2’^^P’^^ 12 "^P^^ ' 12 "^P^^ 



A F- 

24 pqcd^ b 



0 


Y^bcd'^ 

241 2 P>e 2 ^-9 12 


pbegj^ 

4^2^P>‘^5 Y2^M<^)^ be 



0 


Y^bcdq-^ 

^( 2^vfiq 12 )^bcd 


Y^bcqf^ 

0 


Y^bcdqf-^ 

^^p,qr^dbc 


6 c 


12 


(C.I 6 ) 

respectively. 

D Integrability conditions in canonical basis 
D.l IaI 

Inserting 1 in (2.9) and expanding in the different F-structnres, one finds that the inte¬ 
grability conditions with A = 0 give rise to 


Xnl 


1 

r“i 


—iEqq — 12 Loq,“ — 120 Foq“/ 3 ^ 
Eoa - QiLa/ - 
“SLqq^ — 12050^^^^^ 


(D.l) 


For A = a we hnd 
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T-1 

-^OL 


1 

-i^og - 6Lg^^ - 605g^^^^ 

F^l 

Bap + SfTog^ + 120ii?og/37"’' 

pd7]^ 

~3Bg^^ — 

p/37<5]^ 

20f ^Qg^^j 



pdi-'-ds]^ 

0 


(D.2) 


D.2 X4ei2345 

For the basis element 612345 we find the following integrability conditions for A = 0: 

^0612345 


1 

r“i 




(D.3) 


For A = a we find 


^«ei2345 


1 

F^l 

p/37]^ 

p/37(5j^ 

YA—PhX 


20igap,Bop^...fj^e^^-^^ 

2{g^^Lse^ + 20g^^Bse^.^ - 

2^^^9a5Loe<j) GOiBo^g^^^€jX^ ^ 

~^{~^9aeLil>K^ ~ QLaeip + SO^'g-g-B^K^A'*' + 18O-Bge0K^)?/375^'^ 

Qigce(pLoK ISiFQg^ -|- bOi^g^-Bo/t a “1“ 360i-Bo(5(/>K ')^gjSe‘^ 
^{iEQa + ISBg^^ — 180i?g«;^A'^)e^i.../35 (D-4) 


where ei ...5 = a/2. 


D.3 A/^X^e^ 

Next we consider the contributions from \/2ek- We split up a into^^ p and k, where p 
are the remaining four indices: p = (1,..., fc) • • • > 5). The A = 0 integrability conditions 
amount to 

V^^pek 


1 

fiAf 


—2(—i^ofc — QiLx^k — 60ii?A^/i^fc) 
-2(12Loa, + 2405oA/fc) 
—2{—3iLxpk ~ Q^'^Bxfiu^k) 


^"‘Note that k is not an index here but rather a fixed label for a particular spinor Cfc. The same holds 
for the labels of all other spinors ei^...i, in these tables. 
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rh : lEoo - 12Loa^ + - 1205oa\^ + 2AOBox\-k 

: Eqx + QiLxfM^ — QiLxkk + — 120iBx^^kk (D.5) 

The A = \ integrability conditions on \/2ek yield 

a/2 


1 

r^i 

Yk^p\ 

p/tPpo-]^ 

rh 

-^flPpk-^ 


2Exk ~ ^2iLQXk ~ 24:0iBf)xhk 
-l2Lx-,k - 2405A^/fc 
— 120ii?oA^pfc 
40-BA/ippfc 

0 

*-^0A ~ + GLxkk — 60-Bx^^i/'^ + 120-BA^^A:fc 

Exp, — QiLqxp — ^2QiBQxph + ^2QiBQxpkk 
~^Lxpp — 60-Ba^pp^ + QOBxppkk 
20iBQxppp 

0 


Finally, the A = k integrability conditions give the following contributions: 
a/2 


(D. 6 ) 


rAf 

Y^P^Pl 

rh 

j^A/c 

Y'Xp.k-^ 

-^XflPk-^ 

Y^XpPpk-^ 


2Ekk + 12f-hoA'*' + 2AiLQkk + 120i-BoA^^^ + 480i-BoA’''fcA: 
-12La/ - 2ALxkk - 1205a// - 4805^/,^ 

6^-^oA/i + 120f5oA^i/'^ + 240f5oA^fcfc 

~2Lxpp — AOBxppp^ — 80Bxppkk 
l-OiBQxppp 

iEok ~ ^8Lx^k ~ ^80Bx^p^k 
Exit + 18^-^oAfc + 360i5oA/fc 
~^Lxpk ~ ^80Bxpi,'^k 
GOiBQxppk 
^^Expppk 


(D.7) 


D.4 x/2lAei^...i^ 


Next we consider x/2ei^...A. We split the indices a into p and k, where p = (ii,... ,* 4 ) 
and k is the missing hfth coordinate. In addition we will use the Levi-Civita symbol 
/i---P 4 which is dehned by eY...-^ = a/2- The A = 0 integrability conditions are 




-u 


1 

-AOBoxpuph^^^ 

r^i 

-2{iLp^p - 20iB 


i(6Lo.p - 1205o, 

rh 



T 1205g^p^^)6An 


pup 

up 
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r»l : (D.8) 

The A = \ integrability conditions on give rise to 

a/2 


1 

r^i 


rh 

-pfiuk 

Y^flupk-^ 

Ypi'"pA^ 


^i.9\^,Lupa - ^^B-^pupa - ‘^^QxpiB^p^A - 

2{—3igxuLopa + GOiB^xupa + Q^idxuiBopaA — -Bopo-fcfc))^^^^'^ 

2 ^ ^^Xpa ^Qxpi^TT ^crkk) + ISOBxpar^ — l80Bxpakk + 

+ Q09XpiBaAuj‘^ — ‘^BfjAkk))^p.v^^ 

~^{Bxct + 18^-^oao- + Q'^9xct{Lot^ — -^ofcfc) ~ SGOi-BoAo-T"" + 360i-BoAo-fcfc+ 
—QOigxo-iBoA — 2BoA j.pj)efipp^ 

^(—ii?0A + ^SLxiy’^ — ISLxi^i^ — ISOBxi.’^p^ + 

9XuLpark ~ ^^Bxupak ~ ^^9XuBpcFAk)^fl'^'^ 

— \{—Qi9XpLQak + ISO^-^OApo-fc + ^‘^^WXpBoaA k)^p.u^'^ 

— ^{—ISLxa^ — Qqx^LAi + SGOBx^Ai^ + QQqx^BA J^i)eppp' 

^{Bxk + ISiLoAfc — 360ii?oA!^‘^fc)?Mi-A4 (D-9) 


The A = k integrability conditions on \/2ei^...i^ lead to 

a/2 


1 

-20Bxp,pfe^^''^ 

rAf 

—AOiBQp^pkix^’^^ 


— ^{—SL^pk + QOByp„'^k)exp'^ 


~^iBpk — QikjQpk + 120iBopa- 

pAi-"A4 

^(—+ QLp^k ~ 

rh 

0 

YP-^I 

0 

Y^fiuk-^ 

0 

Y^fiupk-^ 

0 

j^Ai ■•■A 4 /C 

QQBkkixi---X4 


-'i?-__p 

kj^Xfiv 

)^Ai"-A4 


(D.IO) 


D.5 TA&ij 

We now turn to the contributions from eij. We split the indices a into p = {i,j) and 
a, which contains the remaining three indices. We also dehne ejj = 1. The A = 0 
integrability conditions on e^- give rise to 

loCij 


1 

r“i 

j^ab 

rn 


-(- 12 Lop, - 2405 oa%,)e^’^ 

-{-GiLapq - 120iBab’'pq)e^'‘ 

120 B,,-bpqeP<^ 

-{-Eqp + QiLa'^p - QiLp/ + miBa'^bp - l2QiBa!'p/)A’q 
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r“n : -{l2Loap + 2AQBoJp-2AQBoap/)e^q 

: -\epq{\tEo^ + 6Loa“ - 6Lo/ + eO^oa^' - 1205oa“/ + 605o//) (D.ll) 


The A = a integrability conditions on Cij read 


PI 

Y'bcd-^ 

rn 

r^n 

YP^l 

Ybcpq-^ 

Yd>cdpq 


\A>'^{l2Lap, + 2A{)Bjp,) 

0 

{Eap + QiLoap + 120i-Boa6^p ~ 120i-Boapr^)e^q 

{—QL^lp — 12QB^ic p + 120-Babpr^)e^g 
QOiBQ^fj^pG q 
0 

|( —|ii?0a ~ ^Lab^ + 3La/ — 30-8^6^/ + QOBab^/ — 30i?ar^s^)Cpg 
i(|-^ab + SiToab + 60ii?Oabc‘^ — 60i-Boa6r-’^)epq 
2( T 30-Bjj5gj. ^(^pq 

0 (D.12) 


Finally, the A = p integrability conditions are given by 


EpCij 


1 

rn 

j^abc 

rP 




'pdbcf-^ 

r^-r-l 

Y^dqf-^ 

Y^dbqf-^ 

'pdbcqf-^ 


\e‘>^{-2Agpq{La\ - L,/) + 368^,, - 2A0gpqiBa\\ - 25/,/) + 7205,%-,,) 
2^ ( ‘^^igpqLoar 480i^p, (5Q,ft , 5 q,,^ ) “1- 720i5Q,p,,) 

{—12gpqL^l^ — 2A0gpq{B^ic'^r — -8,^,8^) + 3605^^p,,) 

40^6 QpqBogJ)^^ 

(Epq — Qigpq{Loa°' — Tqs*) -|- ISiLop, — Q0igpq{BQa°'b^ — + Bos'^t^) + 

-|-360i5oa%q — 360i5op,8*)e‘^f 

{~Q9pq{Lab^ — Las^) + ISL^p, — QQgpq^Bab’c ~ ‘^Bab^+ Bas^t) + 3605sb%,-|- 

-3605,p-,8/e%- 

( ^Wpq^Oab ^^Wpq{Bf)g]jc Bq^Is ) T 180*-®Oa5pij)^'^f 
( dpq^abc T ‘^^dpqBabcs + ^^B^l^pq)e^f 
|(—|i5op — 9L,% -|- 9Lps^ — 905,“fe% -|- 1805,%s^)e5f 
|(|5sp - 9iLoap - 180i5oafe% -h 180i5oap8%e5f 
|(~|-^afep ~ 905 jj 5 c% + 90 B^^s^)eqf 

15iBQQij^p6qf (D.13) 


D.6 

m 


We split the indices a into a = {k,l,m) and p, containing the remaining two indices. 
The three-dimensional Levi-Civita symbol is dehned by = \/2. The A = 9 
integrability conditions for Ckim read 
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I^O^klra 


1 

r“i 

r^i 


2{-lLabc - 20tBabcpn^^^^ 

(6-Lofec — 120-Bo6cd'^ + 120-Bo6cp^)ea^'^ 

-i(-Eoc + QiL^/ - QiLcp^ - GOiB^// + 120*5^/^^ - 60iBcpPq'^)€af 
-SOBoabcpe^^^ 

-{-SiLbcp + 60iBbc/p - 60iBbcpq'‘)eg^^ 

-20iB,bcpqi^^'^ (D.14) 


Similarly, for A = a we find 


_1 : —2{3igabLocd — QOigabiBocde^ — Bocdp^) — 60i-Boafecd)e^'^'^ 

rh : -(-6fe(L,/-Lj/)-9L^,rf + 1805^ede"-1805^edp^+ 

+60gUBd// - 2Bd/p^ + B,p%^))ef^ 

: j{Em — GigadiLoA" — L^p^) — 18iLoad + GOigad{Boe^ — 2BqAp^ + -Bop%'^) + 
+3GGiBoadA - 360^5oa,/)e5/ 

+ 13UA - 18L,/ - l3GB-aA/ + 3605,// - 1805,//)e5,j 
r^l : 2{3gabLcdp — GGgab{Bcde^p + GGBcdpq^) — GGBabcdp)^^'^'^ 

; {GigacLodp - l20igac{Bode p Bodpq 

Ybcp^ . _ 1 _ 18L,,p + G0gad{BA/p — 2B/pq'^) + 3605,,e/+ 

-3605,,p/)e-,/ 

rbcdp-f . _X_ _ 18,+ 360*5o,fe'p- - 360^5o,p-/)e-,gj 
m : -60zgMcdpq~e^^" 

: -i3g-a,Ldpq GGgacBde pq ^GBn(,dpq^€b 

rbcpQf . _ 60i5(,,5oe/g - 180i5o,dM)eb/ 

rSc-JMf . ^(_9i:„_ + 1805,,ye\-j (D.15) 

For A = p the integrability conditions on Ckim lead to 


'^p^klm 


1 

r“i 

j^a6 


pafoc^ 

rn 

pa^i 

j^agf 2 
Y^abqf-^ 
pafocgf 2 


-AOtBoabcp-e'^’'^ 

-{-3Lbcp + 60Bbcd% - 605,,p/)e/'^ 

l(5cp + GiLocp — 120i5ocd*^p + 120i5ocpg'^)e,/ 

^{'iBop + GLd^p — GLpq^ — GOBd'^e^p + 1205,'^pq'^)e,5g 

-GOiBobcpqh’"'' 

-\{GL,pq - 1205e4/eV/ 

^(-^pq GiljQpq A 120i5o, pq}^abc 

0 

0 

0 

0 


(D.16) 
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E The linear system for SU{4:) invariant spinors 


E.l The conditions 

To solve (6.3), we collect from the appendices above the terms associated with ^>^(65 + 
61234 ) and iVA{l — 612345 ). In addition, we decompose the expressions that arise in 
— 612345 ) in terms of S'17(4) representations. In practice this means of splitting 
the holomorphic index a = (p, 5), where p = 1,2, 3,4. Using this, the conditions arising 
from Killing spinor equations for 172 involving derivatives along the time direction are 

0 = 93^do{gi + ig2) — i^o,05 + ~ (E-1) 

0 = *P3 + |(Gp5^ + G'po-'^)] + fIo,p5 + |-^p5(T^ ~ (E-2) 

0 = (9o log P3 + ipg ^P 2 [*IIo,05 + — 1^0,55 + 

-11% (E.3) 

0 = *fi'3 ^fl'2[^^0,pCT — i^(-EpCT5^ +-Ep^-A'*')] + |GpCT5 + [—|I^0 ,AiA2 (E-4) 

-^-EaiAzt^ + ^-EA^A255]e^^^%a (E.5) 

0 = *173 ^fi'al^O.pS — |Ep5A'^] + — f^O.Op + |GpA'^ — |Gp55 (E.6) 

We have used the conditions on the geometry and fluxes arising from the Killing spinor 
equations of the hrst spinor to simply somewhat the above expression. Similarly the 
conditions arising from Killing spinor equations for p 2 involving derivatives along the 
spatial directions are 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


; ^i^pgi — gidp log/ + idpg2) + ig^ ^g2[dp log / + (flp,cr‘^ + Up,55) + |(G 

^^p,05 + |Ep5A'^ — i^fi'pAiGA2A3A4e'*'^^^^®^"‘ 

3 ^g2[i^p,0a + |(EpCTA^ + Fpa5^)] + ^p^a5 — ^Gpad 

(Af, , _ . . _ 


per 


+ 


I g V-*- pCTA I -*■ pero yj I ““P,<J0 g^p(70 

12E'pAiA2A3 T i23p^lF\2\3T ']29p\iFa 

^OgP3 + W 3 ^92[i^p,05 + ^Fp^x^] + |fIp,A^ — |^p,55 ” i^^pA^ + i^l^p55) 

I Ti ~Ai AoAqA/1 


_n_. P _?AiA2A3A4 

[gfi^pAi .6 A2A3A45^ 

-U_ri 


P2[2^P,o'i(T2 F 12 ^F i2Ep(Ti(725 2 ^4^P>^1'^2 F gf?pAiA2 

l9p\iG\2/ — 


(7icr2 


— - -U — ^ — 
12 -^pcr55“r 12 ^ pa 


A1A2 


G 


Ai A 25 


r a 
T a 


^P2[fIp,CT5 + |G^pct5] — I^p.Oct + i^Ep^A^ — i^Ep, 

P2[^E'pct4CT2CT3] + ]^(2^j5,0A iFpXr + iFpxpp i^gpxF^ 

29pxF33^ )c crif72cr3 

P 2 [T '^^p,aia2 '^Gpd-ia2 2^8'^p5AiA2 F j^PpAi^AjS^ )6 (ti(72 

Og 93 — |^p,A^ + |^p,55 — i^^pA^ + iGp55 

^p5'ia'2CT3 4“ 7 ^( 2 ^/?,A5 F "^GpXp T Y 29 P^Gpr )^ ^iCT2CT3 

(•^pPi - Pi<9plog/ - idpg 2 ) + ip3-^p2'9plog/ + 2(ifip_o5 - i^pSA^) 


^*^ 55 )] 

(E.7) 

(E.8) 

(E.9) 

(E.IO) 

(E.ll) 

(E.12) 

(E.13) 

(E.14) 

(E.15) 

(E.16) 
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and along the fifth direction we have 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


% - 9idb log / + id-^ 92 ) + i9z ^ 92 [d -5 log / + (fi, 

/ • . It-tAtiIt-t A\ 


(*^5,05 + 

93 ^92[i^3fla + + (^5,. 


' 5 , 0 -'^ + ^ 5 , 55 ) + 

(E.17) 


i \ i _\ lev 

r^(t\ •}^a55) 36'^5) 


% logo's + 1^5 ,a'*' ~ 1^5,55 ~ 

^93 [2 ^5,(71(72 121 ^ 5 ^ 1 ^ 2 ] (i 2'^^1^2A ~I~ g-^CTl(7255y 

11' IQ- _L * r'- '\?AiA2 

“2U“5,AiA 2 + ^0^5Ai' 

^93 ^fi'2[f^5,CT5] ~ 1^5 ,Oct 

^93 1^2 [^-^5ctiCT2CT3] ^1^ctict 2CT3 d" Y2(2^5,0A 12 

0- - - — ^C-- 

^^5,C7icr2 2'^5cri(J2 

1 i?. _ '1 

m n" 


_ _ _ __,_ i-P- 2'^iA2A3 

g'--*crA 3'^cr55/ 35 -^ 5AiA2A3^ c 


— ( '- \^Ai A 2 _ 
24 '-^ 5 AiA 2 /^ cri(J2 

1 P _ A 
4 -^cr5A 


12-^5AT"')e'^ 


cri(J 2 Cr 3 


' 144-^CTiCT2CT3CT4 “1“ gg(*95 logo's 2^5 iA 2 

'-^(71(72(735 ~l~ ^5,A5*^ CT1CT2CT3 


Q_ _L/^- -^V- 

^‘5,55 i2'^5A /''CT1CT2CT3CT4 


93 {^591 - 9i95 log / - f < 955 - 2 ) + i93 92d-5 log / 


(E.18) 

(E.19) 

(E.20) 

(E.21) 

(E.22) 

(E.23) 

(E.24) 

(E.25) 

(E.26) 


Using the conditions arising from the SU{5) invariant spinor which has been collected 
in appendix B, we can substitute for the fluxes T and rewrite the above equations in 
terms of the connection. The conditions arising from Killing spinor equations for 772 
involving derivatives along the time direction then become 


0 = 93 ^do9i ~ + ^^0,05 ) (E.27) 

0 = *173 ^'^ofi'2 — y( — f^5,A^ + fdg.A^ ~ ^ 5,55 + ^ 5,55 + ^0,05 + ^ 0 , 05 ) ) (E.28) 

0 = ~^93 ^92(^0,Op — 2f2p^A'*' — 212^ 55) + h 2 o,p 5 + |^p ,05 + f^Ai,A2A3e'*'^'*'^'*'®p 5 (E- 29 ) 

0 = (9o log 53 — 1^3 ^52(f2o,o5 + f9o,05 ~ 2(—+ fdg a'*' — f95,55 + ^s.ss)) ) (E.30) 

0 = —1^3 ^5'2[f9o,05 ~ f2o,05 + 2(f25,A^ + fds.A^ + ^5,55 + ^ 5 , 55 )] 

+ 1^0,55 ~ 1^0,a'*' , (E.31) 

0 = ^93 ^fi'2(2f2Ai,A25e^^'*'^CTiCT2 + f25^AiA2e'^^^^CTiCT2) 

+ |(*f^5,CTiCT2 +*^[cti,CT 2]5 ~ |f^0,AiA2e'*'^'*'^CTiCT2) ; (E.32) 

0 = i53“V^2A4,A2A3e"^"^"^p + t(2%5p + 2f25,pS-5ffo,op-2ff./) , (E.33) 

where the grouped equations constitute the split into real and imaginary parts. 

Similarly, the conditions arising from Killing spinor equations for 772 involving deriva¬ 
tives along the spatial p directions become 

0 = 53 ^('9p5'i ~ fi'i'9plog/ 4- idpg 2 ) + ^93 ^52(—|f^o,op + 4h2p,A^ + 4h2p^55) 

+ |^Ai,A2A3?'^^'^^'*'®P , 
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0 — ^93 ^92(^5,pd-) + ^P,a5 ~ ^p,a5 + ^^5,pa “ ^5,pa 

~|^[p,ct]5 ~ |^ 0 ,AiA 2 ^'*'^'*'^pCT ) (E.34) 

0 = ffi-g ^fi' 2 ^^Ai,A 2 A 3 e^'^"^% +' 9 plogfi '3 + - |^P ,55 - |^< 7 ,/ 

+ 1^5,p5 + 1^5,5p ~ 1^0,Op , (E.35) 

0 ^9^ 92{^p,aia2 ^[o'i,CT 2 ]p) 4“ ^P,AiA 2 ^ aia2 

+ [|^5,5t ~ + 1^5,t5 + |^ 0 , 0 T]e’"pCTio -2 ) (E.36) 

0 = ^93 ^fi' 2 ( 2 f 2 p^CT 5 — f^ 5 ,pCT + ^a,p 5 ) ~ ‘^^ 0 ,pa + |^Ai,A 25 ?'^^'^^Pct 

+ |^5,AiA2£'*'^'*'^Pct ) (E.37) 

0 = —|fi'3 ^(72(^0,05 + 2^5,0-°^ + 2f25^55)(7pA + *^p,0A + |Ep;^55 — |f2o,cr'^fl'pA 

“■J^ 0 , 55 fi'pA , (E.38) 

0 = ffi's ^fi'2(^0,0[Ai + 2fi[Ai|,T"' + 2fi[Ai|,55)(7A2]p + i-^p5AiA2 

— \{^p,5ia2 + ^[A^i^ 2 ])^‘^^‘^^AiA 2 + t5'p[Ai^5,0A2] ) (E.39) 

0 = dp\og 93 — |f^p,A^ — + |^p ,55 + i^ 5 ,p 5 ~ 1 ^ 0 ,Op , (E.40) 

0 = |[~|^0,05 ~ ^^0,05 ~ ^5,a'*' + ^5,A^ ~ ^5,55 + ^5,55]fi'po- + ^p,ab + ^(7,p5 )(E.41) 
0 = 93^{.dp9i - 9idp log / - idp92) + i93^92dp log / 

+4if2p 05 ~ ^Ai,A 2 A 3 e'^^^^'^^p • (E.42) 

The conditions arising from Killing spinor equations for 772 involving derivatives along 
the spatial 5 direction become 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


93 ^{^591 ~ 9 l 9 p log / + 18392) + ^93 ^fl'2[—|f^ 0,05 + 4h25,A'^ + 4^15,55] 

+ ^^0,55 + y^0,A^ , 


~\93 ^fi'2f^Ai,A2A3e^^^^^®CT + f^5,CT5 ~ |^5 ,ct5 + |^5,5ct ~ \^p,a^ ~ |^0,0ct ; 
•^S log 773 ~ ^5,55 ~ 1^0,05 ) 

“yfi'a ^772(^5,^15-2 ~ ^[ 5 i, 52 ] 5 ) + ^^ 5 ,AiA 2 e'^^^^ 5 i 52 + |^Ai,A 25 e^^^^ 5 i 52 

_l_iO- 2 AiA2_ _ _ 

“r3i‘'5,AiA2'^ 0-1(72 3 ^^ 0,(7102 j 

W 3 ^772^5,55 + 2fhlo,55 ~ ^^Ai,A2A3?'^^^^^®o , 

^773 ^772(^0,0A + 2h2A,r^ + 2hlA,55)e'*'5i0253 + |^[5i,0253] + i^^5,0Ae'^5iO253 
^ 5,0102 T ^[oi,02]5 0 ) 

•^S log 773 — |(f^5,A^ ~ ^5,A^) + |f^5,55 + |^5,55 ~ |^0,05 + |^0,05 • 

^A,p^ + ^A,55 + ^5,A5 + |^0,0A , 

fl'3“^('955'l - 918-3 log/ - 18 - 392 ) + 193^9283 log/ . 


(E.43) 

(E.44) 

(E.45) 

(E.46) 

(E.47) 

(E.48) 

(E.49) 

(E.50) 

(E.51) 

(E.52) 
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E.2 The solution to the Killing spinor equations with 5^2 7 ^ 0 


Here we shall investigate the case g 2 7 ^ 0. Taking the trace of (E.38), we get 
— yfi's + 2125^55 + tlo,05) ~ y^0,A^ — f-^0,55 ~ 1-^55 a'*' = 0 • 

Substituting 

-^55A^ = —2i(f2o,A'*' + 2f2o,55) 
from the iV = 1 results given in appendix B, we hud 

~^93 ^fi'2[f^0,05 + + 2125^55] — |flo,55 ~ |^0,p^ = 0 . 

Using the above formulae in (E.30), we hud 

<90 log 5-3 = 0 


and in (E.31) 

From (E.28) and (E.55), we hud 


^ 0,55 — 0 • 


(E.53) 

(E.54) 

(E.55) 

(E.56) 

(E.57) 


Qs ^dog2 — (flo,05 + f2o,o5) — 0 (E.58) 

and (E.27) gives 

93 ^9ogi — f(ffo,05 — f^o,05) = 0 • (E.59) 

Using (E.55) in (E.41) yields 

f2(p,a)5 = 0 . (E.60) 

Taking the difference between (E.45) and (E.50) gives 

2(tl5,A'*' ~ ^5 ,a”^) + 4125,55 + 2125,55 + 12o,05 + 12o,o5 = 0 , (E.61) 

which together with (E.55) yields 

^ 5,55 = 0 • (E.62) 

By instead adding the equations (E.45) and (E.50), and using (E.55), we get 

<95 log ^3 - 1^0,05 = <95 log(^3/) = 0 . (E.63) 

Next use (E.55) in (E.43) and (E.52) to hnd 

<95 log(^2/"^) = <95 log(^i/"^) = 0 . (E.64) 

If we combine (E.38) and (E.55) we can solve for one of the components of the F flux in 
terms of the geometry 

*12o,pA + |-^pA55 = 0 . (E.65) 

The symmetric part of (E.34) implies that 


12(p,(t)5 12(p,(t)5 • 


(E. 66 ) 
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Similarly, the symmetric part of (E.37) yields 


^{p,a)b — 0 (E.67) 

and thus 

^(p,ct)5 = ^(p,ct)5 = 0 • (E.68 ) 

Using (E.49) the antisymmetric part of (E.37) yields 

“yfl's ~ pa + = 0 ) (E.69) 

which coincides with (E.32) and (E.46). The dual of (E.48) coincides with (E.29), and 
taking the trace of (E.39) and using the result 

F\Pt^ = —2ir2o,A5 (E.70) 

from the iV = 1 solution, we hnd 

*fi'3 ^fi'2(^0,0p + + 212^^55) + ’ (E-71) 

which combined with (E.29) yields 

%,A2A3e"^’"^"% + 2^^o,p5 = 0. (E.72) 

Dualizing (E.36) with yields 

f^p,A^ + f^5,5A + + |f2o,OA = 0 . (E.73) 

Taking the sum and difference of (E.33) and (E.44) we hnd 

^5,p5 = ^5,p5 (E.74) 

and 

yfi's ^fi'2f2AiA2A3e'^^^^'^®p + l^cr.p^ ~ 1^5,p5 ~ |^5,5p + |^0,0p = 0 . (E.75) 

In the same way the sum and difference between (E.35) and (E.40), and using (E.75), 
yield 

~f^p,A'*' + 1^0,Op + f^p,55 ~ ^5,5p = 0 (E.76) 

and 

2dp logo's — — |f^o,op + ^5,p5 + ^5,5p = 0 • (E.77) 

Equation (E.73) can be simplihed using the iV = 1 result 

~f^p,A^ ~ ^5,A5 ~ f^A,r^ ~ ^A,55 ~ ^0,0A = 0 (E.78) 

and (E.51) yielding 

f^5,5A = —f^5,A5 • (E.79) 

Combining (E.76) and (E.51) we hnd 

^p,55 = 0 ■ (E.80) 
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The equations (E.71) and (E.47) can be simplified, using (E.51) and (E.72), to 


9z ^fi'2^5,A5 — ~^0,A5 (E.81) 

and 

^0,0-5 = ^0,0-5 • (E.82) 

Using (E.72) and (E.78) the equations (E.75) and (E.77) can be rewritten as 

—g^ ^(72^0,p5 ~ ^5,p5 ~ ^5,5p + ^0,0p = 0 (E.83) 

and 

dp log 173 + ^5,p5 + ^5,5p ~ 1^0,Op = 0 . (E.84) 

By combining (E.34) and (E.42), using (E.72), we find 

9^1og((7i//) = 0 (E.85) 

and 

'9plog(fi'2//) - 25(35(2'^fio,p5 = 0 . (E.86) 

Using the above results (E.39) can be solved for one component of the F flux 

-Ep5AiA2 ~ y^0,5[Aifi'A2]p ~ + ^[A5-i5-2])e‘^^‘^^AiA2 = 0 . (E.87) 

Taking the sum of (E.32) and (E.34), and using (E.49), yields 

+ f^s.pCT = 0 . (E.88) 

and by substituting the above results back into (E.36) we find 

^P,AiA2 T 2 (ff5^5[Ai ^5,5[Ai T 2f^0,0[Ai )77A2 ]p q 93 92{^p,aid-2 ^cti,CT2p)^~ ” A 1 A 2 0- (E.89) 
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